JILSITiVE 


~ BALLISTIC ‘MISSICE TRAJECT TORI IES” 


oe: 


"from RADAR OBSERVATIONS — a 


Bee ° 


, , 
¢ 








THE PREDICTION of BALLISTIC MIS- 
SILE TRAJECTORIES from RADAR 
OBSERVATIONS 


The purpose of this work of timely im- 
portance is to develop methods, based 
on the statistical theory of parameter 
estimation, that can be used to deter- 
mine ballistic missile trajectories. 


The information upon which the esti- 
mates are based is obtained from ob- 
servations of the missile by monostatic 
radars located at one or more sites. 
Prime consideration is given to maxi- 
mum likelihood parameter estimates. 
An extensive analysis of the random 
errors associated with predictions based 
on the maximum likelihood method is 
also given. Such an error analysis pro- 
vides a good approximation to the maxi- 
mum prediction accuracy obtainable 
for systems containing monostatic 
radars. Finally, there are several chap- 
ters in which the changes in the pre- 
diction methods necessary to account 
for the earth’s rotation and the earth’s 
oblateness are developed. 


This book is unique in that it analyzes 
the radar returns from ballistic missiles 
from the point of view of the statistical 
theory of parameter estimation. The 
application is original. While the treat- 
ment is completely theoretical, the 
motivation came from purely practical 
considerations, and results of practical 
interest are included. 


With very slight modifications, the 
methods developed can be used to esti- 
mate the osculating parameters of satel- 
lite orbits. To predict satellite orbits for 
long-time intervals after observation, 
more serious modifications are needed to 
account for atmospheric drag effects, etc. 
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PREDICTION METHODS 


CHAPTER I 
GENERAL DISCUSSION OF PREDICTION METHODS 


4.4 INTRODUCTION 


This report has as its main concern an investigation of methods for predicting properties 
of a ballistic missile trajectory. The predictions are based on information obtained from radar 
observations of the missile. In general, the totality of different radar measurements provides 
redundant data, i.e., provides more data than the minimum necessary to dynamically specify a 
trajectory. For measurements corrupted by noise these data will be inconsistent: non-identical 
minimum data subgroups will lead to different dynamical trajectory predictions. This fact 
suggests the use of statistical decision techniques,* and most of the prediction methods to be 
presented have been developed along these lines. However, it is assumed throughout that the 
detection phase of processing the radar signals has already taken place and, further, that all of 
the resultant data refer to measurements on a Single missile. The problem of distinguishing 
returns from several targets (deghosting) is not considered. From the statistical decision theory 
standpoint this separation of detecting,deghosting, and estimating phases is not desirable; and 
in a more sophisticated procedure these aspects will be coordinated. The material included 
here is expected to be of value in developing such an integrated data-processing-prediction method. 
It should also be noted that all the methods considered in the following sections make use of 
mathematical models to represent physical situations. Therefore, ultimate justification for the 


conclusions reached can come only from experiment. 


1.2 TRAJECTORY SPECIFICATION 


Before the statistical aspects of the prediction problem are investigated, a dynamical de- 
scription of the trajectory will be given. The trajectory is assumed to be that of a point particle 
(missile) whose motion is governed by a known force law. Therefore, the space-time specifica- 
tion of the trajectory requires the determination of only six parameters + For the main part of 


the report, the force on the missile will be taken to result solely from the presence, in a vacuum, 





* Wald, Statistical Decision Functions (John Wiley and Sons, Inc., New York). 


} This fact can be established by considering that Newton's (vector) force law governs the motion of a (non- 
relativistic) missile in an inertial frame. Mathematically, this law is equivalent to three independent second - 
order differential equations. These can be written, for example, as 


dx, dx 
pr fee) , i=1,2,3 
where m is the mass of the particle and t the time at which it is located at the vector position x = (x 1%Q0%3) 4 
(The XX qeXge denote the cartesian coordinates of the particle's position with respect to an inertial frame .) 


For a wide class of functions, F., the solution to each of these three equations admits of two arbitrary constants. 
Therefore, with a known force law, the motion of the particle as a function of time will be completely deter- 
mined by a specification of six constants (parameters). Each point in a six-dimensional Euclidian parameter 
space will correspond to a different trajectory. 
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of a spherically homogeneous earth which is fixed in an inertial frame. Then, if the missile is 
launched from and returns to the surface of the earth, its intervening motion will describe an 
elliptical path. Six ellipse parameters will completely specify the trajectory and, hence, any 
property of it such as impact point, launch point, and time of impact of the missile with the 
surface of the earth* From this it follows that the problem of prediction is essentially that of 
estimating these ellipse parameters. Various methods for performing the estimations and cri- 
teria for comparing them are discussed in the succeeding sections and in Chapters II through 
VIII. In Chapter IX, the explicit relations between the trajectory parameters and various char- 
acteristics of the trajectory (prediction functions) are developed. 


The important systematic errors introduced by the model of the earth described above are 
discussed in Part III. 


1.3 CRITERIA FOR AN OPTIMUM PARAMETER ESTIMATOR 


The problem of choosing an "optimum" method to estimate unknown parameters is a difficult 
one. The choice of method will be dependent on the purposes for which the estimates are to be 
used. In other words, the estimates are needed to make a decision and the type of decision to 
be made will influence the properties desired of the estimator. Further, the optimum or non- 
optimum nature of any given method can only be decided upon with respect to criteria which pro- 
vide a means of distinguishing the optimum estimator. The selection of criteria and the resultant 
definition of optimum are to a large extent arbitrary. For example, suppose a missile is dan- 
gerous and the purpose of estimating the trajectory parameters is to aid in defense. Then such 
factors as the speed and the accuracy with which an estimate can be made, intelligence informa- 
tion on plans of attack, priority of defense, ability to defend, etc. can be incorporated in a wide 
variety of ways to define an optimum estimator for this purpose. The physical situations do not 
normally suggest natural or unique mathematical criteria. However, an over-all quantitative 
criterion function, albeit arbitrary, which will distinguish between possible estimators, can 
usually be defined. To determine a suitable function with this property, note that any estimator 
which utilizes information obtained from the sampling of a random variable will in general have 
a non-zero probability of producing errors in the corresponding decision processes. It is there- 
fore reasonable to define a criterion function on the basis of the seriousness and the expected 
frequencies of occurrence (relative probabilities) of these errors. The seriousness can be taken 
into account by assigning a loss to every possible error. This function, called the loss function, 
will then depend on the estimator as well as on the data sample and the unknown parameters. 

The frequency of the errors can also be accounted for in what is called the risk function. This 
is defined as the mean, or expected value, of the loss function, where the averaging is done with 
respect to the distribution of the data sample. The risk is then a function only of the estimator 





* For a discussion restricted to a consideration of elliptical trajectories not all values of six parameters are 
applicable. The allowable values for this case are confined to a six-dimensional subset of the full parameter space, 
For example, if one of the parameters is the eccentricity of the ellipse, its value must lie between 0 and 1. 








and the unknown parameters. From this an average risk may be determined, where suitable 
averaging is performed with respect to the unknown parameters. (If the unknown parameters 

are themselves random variables, the average can be taken over the a priori distribution of the 
parameters.) The optimum estimator can then be defined as that estimator for which the average 
risk is aminimum. For the following work, however, comparing the average risk of estimators 
presents rather formidable analytical difficulties. Furthermore, the assignment of relative 
weights to the various sets of parameters would be highly artificial. Therefore, instead of an 
average risk, a type of.risk function will be used in defining an optimum estimator. (The com- 
parison between estimators will then be a function of the values of the unknown parameters.) 

{It should be pointed out that only non-randomized, non-sequential, point estimators will be 
considered, where by non-randomized is meant the restriction that no random experiment will 
be contained in any of the decision procedures. The same radar data must always give rise to 
the same decision. Non-sequential means that the number of observations is not a function of 
the data collected — the observation procedure is fixed in advance. Arestriction to point estimates 
means simply that only estimating procedures are considered which assign specific values 
(single numbers) to the parameters. No estimation will be made which involves a specification 
of an interval of values within which the true value of the parameters is expected to lie. (In gen- 
eral, information regarding the random process under observation is unavoidably destroyed by 
making point estimates. )] 

The actual choice of a suitable risk function for the present case is influenced by various 
factors. Primary among these is the fact that the prediction decisions of interest concern cer- 
tain functions of the parameters rather than the parameters themselves. Mainly estimates 
(decisions) relating to the position of the missile, as a function of time, and the impact point of 
the missile are desired. Further, these estimates are to be based on the collected radar data 
which are assumed to result from the sampling of a random variable. [The distribution of this 
random variable is a function of the (unknown) parameters and the radar configuration.] There- 
fore, a specific risk function which might be used is the volume of the spatial error ellipsoid 
of position prediction. This ellipsoid is a function of time, the radar configuration, the ellipse 
parameters, and the estimator. It denotes a region of space within which the predicted (estimated) 
position of the missile will lie with a probability of approximately 0.20. For unbiased estimators 
the center of the error ellipsoid is the true position of the missile * 

Another risk function which might be used is the impact point error ellipse on the surface 
of the earth. The error ellipse has a similar interpretation to that of the error ellipsoid, ex- 
cept that the error ellipse includes the estimated impact point of the missile with a probability 
of approximately 0.40. (The values of these probabilities refer only to multivariate gaussian 
distributions of errors. The fact that the value quoted for the error ellipsoid differs from that 
for the error ellipse follows from the former being related to a three-dimensional and the latter 





*Only approximately unbiased estimators are to be considered, i.e., only those for which the mean prediction 
errors are small compared with the principal axes of the error ellipsoids. 
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to a two-dimensional distribution.) The optimum estimator can then be defined as that estimator 

which yields a minimum value either for the volume of the error ellipsoid of spatial position, or 

for the area of the impact point error ellipse. In principle, these two definitions are different. 

In practice, the distinction is probably not very significant and use will be made of both in Part II 
of this study. ; 

The precise definition, motivation, and interpretation of the error ellipsoid and the error 
ellipse are deferred to Part Il. For expository purposes, the closely related concept of an 
ellipsoid of concentration will now be discussed. An ellipsoid of concentration has the same 
center and the same shape as a corresponding error ellipsoid: the directions of the principal 
axes of the one coincide with those of the other and the ratios of the lengths of the corresponding 
axes are identical. The absolute lengths of the principal axes of the two ellipsoids are related 
by a factor of Vn + 2 where n is the dimension of the ellipsoid. The error ellipsoid is the smaller. 

The ellipsoid of concentration presents a geometrical representation of the concentration of 
a multidimensional probability distribution about its center of gravity. In particular, a random 
variable having a constant probability density within this ellipsoid and zero density without has, 
by definition, the same first and second moments as the original (parent) distribution. Clearly, 

a other surfaces can be used instead of ellipsoids. An important reason for the ellipsoid choice 
is that for a parent distribution which is multivariate gaussian (a frequently encountered form), 
the ellipsoid also represents a contour of constant probability density. 

Estimators can be compared on the basis of their ellipsoids of concentration in the following 
way. The distribution of errors for one estimator is said to have a greater concentration than 
that of another if the two distributions have the same center of gravity (means) and if the ellipsoid 
of concentration of the one lies wholly within chat of the other. The estimator with the greatest 
concentration is most desirable. For cases in which the surfaces of the two ellipsoids intersect 
such a comparison obviously fails. However, by means of an inequality proved by Cramér and Rao, 
the ellipsoid of concentration determined from any regular,* unbiased estimator can be shown to 
wholly enclose a certain minimum ellipsoid. The ratio of the square of the volume of the min- 
imum ellipsoid to that of any (unbiased) estimator is termed the joint efficiency of the estimator .t 
The joint efficiency always lies between zero and one. Estimates obtained from estimators which 
yield the minimum ellipsoid are called joint efficient estimates. In the present situation, it can 
be shown that no joint efficient estimates exist (see Section 455): 

Since the ratio of the volume of an error ellipsoid to that of a corresponding ellipsoid of con- 
centration is dependent only on the dimension of the ellipsoid, these definitions concerning effi- 
ciency of estimates can be made equally well with respect to volumes of error ellipsoids. Hence 


the optimum estimator, as defined above, will be the one with the greatest joint efficiency. 





*For the mathematical definition of a regular estimate, see Cramer, Mathematical Methods of Statistics (Princeton 
University Press, 1946), p.479 ff. 


tThe square of the ellipsoid volume is proportional to the generalized variance of the distribution. (See Cramér, 
op.cit., Section 22.7. 


=a 


a 





For the practical situation, it is necessary to consider not only the accuracy of prediction, 
as indicated by the efficiency of the estimator, but also the speed of prediction and the amount 
of storage space required in a computer to perform the prediction calculation. The definition 
of optimum could be extended to include these factors. Relative weightings could be associated 
with each of the factors which would indicate, for example, the amount of accuracy of estimation 
that can be sacrificed for a given gain in speed of estimation. (Note that the latter would depend 
on the particular digital computer used.) However, the degree of arbitrariness inherent in such 
an extension seems to make its usefulness negligible. Rather than obscure results which can be 
obtained, the speed and the ease of calculation will therefore be treated separately. Methods 
will be included which enable a prediction to be made faster even though the efficiency is lower 


than the maximum attainable. 


1.4 STATISTICS OF THE RADAR DATA AND THE PARAMETERS 


To facilitate further discussion, certain definitions and assumptions concerning the radar 
data and the parameters are made inthis section. The set of radar data is assumed to be cor- 
rupted by noise and is symbolized by y: y comprises the elements (yy, Cure Yu) where Yi is the 
ith measurement and M is the total number of measurements taken by the radar. (The radar 
itself is treated as a black box.) Similarly, x represents the measurements which would have 
been made in the absence of noise* In general, the members of the set x are not independent 
but are functions only of the six ellipse parameters and the independent variable, denoted by a 
and t, respectively. The particular quantitites chosen for the roles of a andt are to a certain 
degree arbitrary. Time is usually taken as a representation of t, but other independent var- 
iables can also be used in certain situations. (For an example, see Chapter VI.) As for the 
parameters, any six quantities, which serve to describe the various elliptical trajectories, can 
be used. Examples of possible sets of a are given in Chapter IX. The specific functional de- 
pendence of x on the parameters is determined by the types of radar measurements, e.g., range, 
doppler velocity, etc.t 

The symbol n is used to denote the noise contribution to the measurements. It is assumed 
that this noise is additive and hence that 


y =x(a,t)tn ; (1.4.4) 


The noise is also assumed to have a multivariate gaussian probability density with zero means 
and a known moment matrix ** (These statistical properties of the noise are considered to be 
independent of time.) From the form of the noise probability density, that of the radar data 
can be inferred. 





*In communication theory language, x represents the transmitted signals and y the received signals. 


tMembers of the set x will sometimes be referred to as measurement functions to indicate the dependence on the 
parameters and the independent variable. 


= ‘ Ah 
**|f the means of the measurement errors (biases) are assumed known, the restriction to zero means causes no 
further loss in generality. 
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The properties of the parameters themselves will now be discussed briefly. Whether or 
not these parameters can be considered as random variables with definite, albeit unknown, 
a priori probability distributions is debatable* In fact, the debate goes right to the foundations 
of the applicability of probability theory to physical situations. The meaning (or validity) of 
assuming that a given physical quantity possesses the mathematical properties of a random var- 
iable is not always clear. In this case, whether the presence or absence of a missile at a space- 
time point can be considered as a random variable with a certain distribution function is definitely 
unclear. No statistics are available on the parameters of ballistic missile trajectories, i.e., 
there has been no ensemble of past situations from which meaningful a priori distributions could 
be inferred. In the following, however, probabilistic interpretations of various formulae are 
given under the assumption that the parameters are random variables. The limitations of these 
statements should be understood implicitly. 

In closing this section it should be emphasized that the parameters being considered as ran- 
dom variables, or as just plain numbers, only affects the interpretation of the parameter estimates. 
The estimated values themselves and the predictions to be obtained from them will be the same 


regardless of their interpretation. 


4.5 CHOICE OF ESTIMATION METHODS 


Many somewhat sophisticated statistical methods have been developed for the estimation of 
unknown parameters. For a discussion of several of these see, for example, Cramér, op. cit. 
The one to be given prime consideration here is the method of maximum likelihood (ML method). 
Other methods of less theoretical importance are also presented. The inclusion of these latter 
methods is motivated by considerations of simplicity and consequent speed of estimation. They 
are not expected to provide estimates with a greater efficiency than those of the ML method. 

In the implementation of these methods for trajectory prediction, it is assumed that all 
measurements are taken from a single-site radar system on a non-rotating earth. Further, 
while the actual number of measurements is unrestricted, only measurements of the following 
four types are considered: azimuth angle, elevation angle, range, and range rate (doppler ve- 
locity). The extensions to multiple-site radar systems on a rotating earth are presented in 
Part III. The incorporation into the methods of other radar measurement types such as azimuth 
angle rate and elevation angle rate is not carried out explicitly, but is readily inferred in each 


case from the formulae which are included. 


4.5.4 The Method of Maximum Likelihood 


Experience with a wide variety of statistical problems has shown the ML method to be 
one of the most useful estimating procedures. The method in essence consists of choosing 


those values of the parameters for which the likelihood function, L, is a maximum. This 





* Reference is here being made to the launcher's choice of trajectory — not to the fluctuation of parameter values 
about those of the desired trajectory. As is well-known there is good experimental evidence, gathered from 
short range missiles, e.g., from bullets, to warrant considering these latter fluctuations as random variables 
possessing definite a priori probability distributions. 


N 
function is defined to be the probability density of the data sample, p(y] a)* viewed as a function 


of a. 


L(a)=plyla). (42554) 


For a given set of radar data, y: the resultant L(a) is called the likelihood of a. Hence, the a, 
for which L(a) is a maximum, is called the ML estimate of the parameters! This value is not 
to be construed as the most probable value of a. However, ifa can be considered as a random 
variable and if its a priori probability density is constant** or if the maximum value of the 

a priori distribution corresponds with that of the likelihood function, then the ML estimate will 


be identical with the most probable value of the parameters for a given set of data. 


4.5.4.4 Properties of the Maximum Likelihood Estimator 





The maximum likelihood estimates possess certain interesting asymptotic properties. First 
of all, as the amount of data becomes very large, the ML estimates converge in probability to 
the true values of the parameters. Further, the distribution of errors of the ML parameter 
estimates approaches a multivariate gaussian distribution with means equal to the true values 
of the parameters. The (generalized) variances are equal to the lower bound prescribed, for 
unbiased estimators, by the Cramér-Rao inequality discussed earlier 17 By definition, then, 
these ML parameter estimates are asymptotically joint efficient estimates. 

While the above properties are of theoretical interest, it should be clearly kept in mind that 
in most practical situations the data sample will not be in the asymptotic region and hence the 
above conclusions will not apply. For any finite sample it is not clear a priori whether or not 
the ML method will have a greater efficiency than any other method. 

It should also be noted that if the radar samples are taken from the gaussian distribution 
discussed in Section 1.4 and if, further, the individual measurement errors are assumed in- 
dependent of each other, then maximization of the resultant likelihood function reduces to the 
weighted least mean square error criterion of curve fitting. Mathematically this means that the 


estimate of a is determined from a minimization, with respect to a, of 


M 2 

.— x. (a, t.) 
2; aA Dad (4.5.2) 
i=1 a 


or, equivalently, as in the ML method, a maximization of the negative of this expression. In 


the above, M is the total number of radar measurements, t; is the time of the ith measurement, 





*See Chapter II. 


{It is hoped that no confusion will arise in the following because of the use of the symbol a to denote both the 
trajectory parameters and the estimated values of these parameters. 


** Since some of the parameters can assume all values on the real half line, this situation cannot, strictly speaking, exist. 
t t For proofs of these properties, see Cramér, op. cit., p. 499 ff. 
§ Note that the form of x:(a,t;) might be different from that of x(a, t), but t might still equal t. for i #j. 


This possibility corresponds to the fact that different types of measurements, e.g., range and doppler, can 
be made at the same time. 


and o(n;) is the standard deviation of the errors in the ith measurement. All measurements are 


assumed made at known values of the time. 





4.5.4.2 Solution of the Likelihood Equations 


The usual method of obtaining the maximum of the likelihood function uses the fact that the 
maximum satisfies the equations obtained from differentiating the likelihood function, with re- 
spect to each parameter in turn, and setting the results equal to zero. These equations are 
usually called the likelihood equations. If they are linear and if sufficient data has been obtained, 
it can be shown that the resultant parameter estimates are joint efficient estimates.” In fact, 
non-linear likelihood equations imply that no joint efficient estimates exist. In the present case, 
it will be seen (see Chapters II and III) that the likelihood equations are non-linear and, therefore, 
that the efficiency of all regular unbiased estimates will be less than one. 

To determine the likelihood equations explicitly, the form of the likelihood function must 
first be known. As implied earlier, this follows directly from the probability distribution 
of the noise, the specification of the types of radar measurements, the number of such measure- 
ments, and the times at which they are taken. It appears that for almost all cases of practical 
interest in trajectory prediction, the likelinood equations are not soluble in closed form. There- 
fore, approximate and/or iterative methods must be devised. 

One iterative procedure proposed for solving the likelihood equations, described in Chapter II, 
utilizes a variant of the vector generalization of the Newton-Raphson method. In this method, 

a preliminary estimate of the parameters must be provided separately. Several simpler, but 
less efficient estimation methods can be used for this purpose. However, it is important that 
this first estimate be a reasonably good approximation since the non-linear likelihood equations 
have many solutions representing, for example, all the relative maxima and minima of the 
likelihood function. Only the solution corresponding to the absolute maximum of L(a) is desired. 

In another method, the ML estimates are obtained approximately by a relatively simple iter- 
ative process. This method makes use of an expansion of the measurement functions, x(a, t), ™ 
in Taylor series intime. The coefficients of the lowest order terms in the expansions are chosen 
as the trajectory parameters. The likelihood equations resulting from this procedure are trun- 
cated and solved by iteration. No auxiliary method is required to provide a first estimate of the 
parameter values. This iterative method is far less cumbersome than the one mentioned in the 
preceding paragraph but, unfortunately, is more limited in applicability. The limitations, as 
well as a more complete description of the method, are given in Chapter III. 

In principle, the maximum value of the likelihood function could also be found by simply 
evaluating L(a) for a systematically chosen sequence of points in the parameter space. However, 
a preliminary examination of this method indicates that,even with the aid of a modern high-speed 


computing machine, the time required to find the appropriate set a would be inordinately large. 





*Cramér, op. cit., p. 498 ff. 


+ For a discussion of the Newton-Raphson method see any standard text on numerical analysis. 


1.5.2 Least Squares Estimation Methods 


A number of other statistical methods have been developed specifically for the trajectory 
prediction problem. These will be called least squares estimation methods since they involve 
the determination of parameter estimates from a minimization of a weighted sum of squares of 
errors in functions of the measurements. Thus, while the ML method, for independent measure- 
ment errors, reduces to a minimization of equation 1.5.2, there obviously exist functions, f(x), 


for which a minimization of 


Mt) — £0) 


2 (1.5.3) 
j=1 Go (f;(n)] 


will be simpler. (Note that, except for such trivial cases as f; =Y¥z2 the f; are not independent 
and, therefore, cross-correlations are ignored in the above.) 

Estimates based on a minimization of equation 1.5.3 are not, in general, equivalent to the 
ML estimates. In fact, as stated above, these methods are expected to yield less efficient esti- 
mates than the ML method, They do, however, enable the parameter estimates to be made 
with greater speed. Several methods of this type are briefly described below. The detailed 


exposition of them is presented in Chapters IV and V. 


1.5.2.4 Cartesian Coordinate Iterative Estimation Method 


A perhaps useful realization of equation 1.5.3 results from letting the f; be the cartesian 
coordinates of the positions of the missile. (Note that the radar position data are actually taken 
in the form of the spherical coordinates of the missile relative to the radar site as origin.) The 
parameters for which this version of equation 1.5.3 is a minimum can then be approximated to 
a high degree of accuracy by an iterative method. In this procedure, the cartesian coordinates 
are expanded in Taylor series in time with the lowest order coefficients representing the set 
of trajectory parameters* Substituting these in equation 1.5.3 leads to equations for the param- 
eter estimates which equations are then truncated and solved by iteration. Unfortunately, the 
radar measurements of doppler velocity cannot be incorporated naturally into this method. 

The reason for this, along with a possible, though artificial, means for utilizing doppler meas- 
urements is discussed in Chapter IV. 


1.5.2.2. Closed Form and Iterative Composite Estimation Methods 


Another possible class of least squares estimation methods results from dividing equation 
1.5.3 into several parts. Some parameters can then be estimated from one of the parts, and 
these values used toestimate others from another part, etc. Various illustrations of these methods 
are given in Chapter V. In several, the parameter estimates are obtained in closed form, and in 
another some of the estimates are obtained from an iterative procedure. In all of the methods 


presented, the two parameters describing the plane of the trajectory are determined first from 





*This set will be different from that implied in Section 1.5.1.2. 


Lee eee 


the radar position measurements. By assuming the plane of the trajectory to be known, the 
remaining, in-plane trajectory parameters are then estimated in a variety of ways. The iter- 
ative method discussed for estimating these in-plane parameters makes use of Taylor series 


expansions in time which are analogous to those mentioned above. 


4.5.3 Deterministic Estimation Methods 





If the noise corrupting the radar data were zero, the trajectory prediction problem would 
no longer be statistical in nature. The laws of dynamics alone would suffice to determine the 
missile trajectory provided only that a sufficient amount of data was collected. The true (exact) 
values of the trajectory parameters would be found simply by solving the known equations which 
| relate the measurements to these parameters. This situation can be called a deterministic one. ° 
Hence, all methods which are evolved mainly from a consideration of the dynamical, rather than 
the statistical, aspects of the prediction problem are called deterministic methods. Several 
particular estimation methods have been developed from this point of view. They can be con- 
veniently separated into minimum data and redundant data methods. The former category de- 
notes those methods which use the minimum amount of data (six measurements) necessary to 
specify a trajectory. It is interesting to note that for radar systems which only gather this 
minimum amount of data the deterministic methods yield the same estimates as the method of 
maximum likelihood. 
The general class of all minimum data methods is illustrated in Chapter VI for a particular 
radar configuration. An example of one of these methods, which is soluble in closed form, is 
presented in Chapter VII. Use is made of the following measurements: two ranges, two azimuths 


one range rate (doppler), and one measurement of time. This information is obtained from a 


’ 


radar scanning at only two elevation angles. (The elevation angle is taken as the independent 
variable.) An example of a similar redundant data deterministic method is also discussed in 
Chapter VII. This latter method utilizes two sets of radar data to predict, in closed form, the 
trajectory parameters. Each set considered is taken at a different elevation angle and consists 
of an azimuth angle, a range, a range rate, and atime measurement. The two sets of measure- 
ments in this latter method comprise more than the minimum number necessary for the trajectory 
specification. Therefore, they are dynamically inconsistent due to corruption by noise. This 
fact is ignored in the calculation. In the absence of noise, though, this method yields an exact 
prediction as there are no mathematical approximations used in obtaining values for the param- 
eters from the radar data. (This last statement also applies to the minimum data method dis- 
cussed above.) 

Note that parameter estimates can be determined from these closed form solutions much 


more quickly than from the maximum likelihood method, 





1.6 RESTRICTED ESTIMATES 


In addition to the above, some consideration is also given torestrictedestimates. These are 
estimates of trajectory parameters for cases in which the parameters are subject to certain restric- 


tions, For example, if the impact point of the missile were assumed known (fixed) then under this 


condition an estimate of the trajectory parameters froma set of radar data would be arestricted 
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estimate. The restrictions, in effect, reduce the number of degrees of freedom of the trajec- 
tory. In Chapter VIII, a natural extension of the ML method to determine restricted estimates 


is discussed, 


1.7 APPLICATION TO SATELLITE ORBIT PREDICTION 


Almost all of the following development can be applied directly to the prediction of satellite 
orbits* from radar or optical observations. Some of the formulae may be simplified by using 


expansions in powers of the orbit eccentricity, e, which will usually satisfy 
e<<14 ; (1,724) 


Aside from this possibility, the only changes actually necessary involve making appropriate 
generalizations of quadrant determinations. In particular, it should be noted that the polar co- 
ordinate angle, ©, appearing in Kepler's equation will no longer be restricted to lie in a 


0 > 27 interval. (See Appendix A.) 


1.8 UNITS 


Throughout this report, unless otherwise noted, a system of units is used in which the mean 
equatorial radius of the earth, R, is set equal to one. The product of Newton's constant of grav- 
itation and the mass of the earth, GM, is also taken as one. Therefore, the explicit appearance 
in formulae of R and g, the surface force of gravity, is suppressed. Note also that in this system, 
the unit of time is approximately 808 seconds. This unit has the physical interpretation of rep- 
resenting the time taken by a missile to travel one radian in a circular orbit along the earth's 


surface. The values of R, GM, and g in more conventional units are 


R = 6.378 X 10° meters * 3440 n.m. (4.8.4) 
GM = (3.445 x 107° ft?/sec” slug) (4.088 x 10°? slugs) 
~ 4.44 x 10° #3 /sec” (1.8.2) 
2 
g © 32.2 ft/sec ; (1.8.3) 





* Note that in the present treatment effects such as airdrag areneglected. Whilenegligible for the missile problem, 
some of these must be considered in order to obtain precise predictions of satellite orbits over long time intervals. 
This can be done by including in the equations of motion the (assumed) parametric form of these effects. Then the 
new parameters, along with the six parameters corresponding to the initial conditions of the orbit, can be estimated 
from the data. Since the equations of motion can not be solved in closed form in terms of the added parameters, 
difficulties are encountered in the straightforward application of the ML estimation method. Special means of 
circumventing this difficulty have been devised. 
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CHAPTER I 
THE METHOD OF MAXIMUM LIKELIHOOD 


2.4 PROBABILISTIC FORMULATION 


As mentioned in Section 4.2, the radar data, y, upon which the parameter estimates are 
based, are assumed to result from the sampling of a random variable. The distribution of this 
random variable depends on the (unknown) parameters through the set x(a,t). If the set a itself 
is considered to be a (multidimensional) random variable, then by definition the following rela- 
tion holds 


Ply<n<y') Pla<ac<a'ly<n<y') = Pla<a<a') Ply<n<y'la<a<a') (2.4.4) 


where P(a< a@ <a') denotes the a priori probability of aga <a', Ply< n< yila< a@<a!') the 
conditional probability of y< ns y' givena<a< a', etc. To determine a relation between the 
corresponding probability densities, note ‘that the radar data will have the values y if the data lie 
between y and y + dy. It is assumed that dy is a constant independent of Yate consideration of 
the methods of making radar measurements leads to the conclusion that this assumption is rea- 


sonable.) Equation (2.1.1) can therefore be rewritten as 


pla) da plyla) dy 


P(al y) da = (2.4.2)* 


ply) dy 
p(aly) represents the conditional probability density of the parameters having the values a, given 
that the radar data have the values y. A corresponding interpretation holds for P(yl a). p(a) and 
p(y) are a priori probability densities. 


2.2 THE MAXIMUM LIKELIHOOD ESTIMATE 


As stated earlier, ply! a) viewed as a function of a is called the likelihood function of a and 
is denoted by L(a). It does not, of course, represent the conditional probability density of a. 
However, if p(a) were uniform, i.e., independent of a, then L(a) would be proportional to the 
conditional probability density of a. In any case, the maximum likelihood (ML) estimate of 
the parameters for a given set of radar data is defined to be the set a for which L(a) is a max- 
imum. Obviously, these parameters will correspond to the most probable value of Plaly) only 
if the a-maximum of Plaly) coincides with that of L(a). 

It should also be noted that the above statements which compare the likelihood function with a 
conditional probability density have limited applicability since even the assumption that a should 
be treated as a random variable is open to serious question. (See Section 1.4.) However, regard- 
less of the random or non-random nature of a, the likelihood function itself and the ML estimate 


are well defined quantities. 





= 6 = 
*\n this context, da stands for II da; and dy for II dy;. M represents the number of radar measurements made. 
i=] i=] 


a2, 


In order to actually find the maximum of the likelihood function its dependence on the 


parameters a must be known. This dependence will be developed in the following section. 


2.3 PROPERTIES OF THE NOISE DISTRIBUTION 


The radar measurements, y, differ from exact ones due to corruption by noise. It is as- 
sumed that this noise is additive and has a multivariate gaussian distribution with zero means 
and a known moment matrix* Therefore, if M measurements are made and the accompanying 
noises are represented by n, then the probability density associated with this set of noises can 


be written as 
pn) = ——"— exp[- 5 HN“'n} (2.3.4)f 
Nami 


N is the symmetric moment matrix of the noise distribution (correlation function of the noises) 


and is given by 


| 


N=nn (2.3.2) 
The bar signifies an average over the distribution, i.e., 
G(n) = Sow) p(n) dn. (2.359) 


From the additivity assumption, it follows that the radar data are related to the noises 
through the equation 


y= x(a, t) + ew: (2.3.4) 


For given values of the parameters, the probability density of the radar data is related to 
that of the noises by 


p(yla) dy = p(n) dn. (2.3.5) 
But 
dy = dn (2.3.6) 


since the Jacobian of the transformation from the y variables to the noise variables is clearly 


unity. 





*The noise is here intended to include not only receiver noises but also such disturbances as atmospheric 
irregularities, etc. All of these effects are assumed to have gaussian distributions and, therefore, their sum will 
have a gaussian distribution. For a discussion of multivariate gaussian distributions see Cramér, op.cit.,p.311. 


tT Lower case, underlined letters in equations denote column matrix arrays of the corresponding sets of quantities. Thus, 
* 
2 
D Sips 


n 


where M is the number of measurements and, hence, the number of elements of n. Upper case, underlined letters 
denote rectangular matrices in which the number of rows and columns individually exceeds one. Also A denotes 
the transpose and |A| the determinant of any matrix A. The determinant is only defined for square matrices. 
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Therefore, 


p(yla) = p(n) = ply — x(a, t)] (20307) 
and 
4 ae to ee) -1 
L(a) = exp[—5 (y—x(a,t))N  (y—x{(a,t))] (2.3.8) 
(27M iN 


2.4 THE LIKELIHOOD EQUATIONS 


Once the likelihood function has been obtained, there are many possible ways to determine 
the set a for which it is a maximum. The usual method employed makes use of the fact that the 
ML estimate of the parameters satisfies the six simultaneous equations obtained by setting equal 
to zero the partial derivatives of L(a) with respect to the parameters. (It is assumed throughout 
that enough measurements are made so that the corresponding x(a,t) will uniquely determine the 


trajectory.) The simultaneous equations can be represented by 
4 ~ -1 ~ -1 
—3 VAY —Xa,t)]N~ [y —x(a,t)]} = (VX) N™ [fy - x(a, t)] = 0 (2.4,4)" 


since the value of a for which exp[k(a)] is a maximum is identical with that for which k(a) is a 
maximum. In the above equation, explicit use is made of the symmetry of N. Now, if the 
matrix X(a,t) is defined such that 


~ oO Wie, | 
2 Soe eT ),, = 0a, (2.4.2) 
then (2.4.1) becomes 
X(a,t)N“* [y—x(a,t)]=0 (2.4.3) 


These six equations are in general non-linear and will have many solutions corresponding to all 
the relative maxima and minima of the likelihood function. The crux of the problem is to find 
the solution which corresponds to the absolute maximum of L. Three methods of finding this 
solution will be described below. 


2.5 ITERATIVE SOLUTIONS TO THE LIKELIHOOD EQUATIONS 


If a crude estimate of the parameters is available, then a perturbation expansion and an 
iterative procedure can be devised to locate the desired solution to the likelihood equations. One 
such well-known method is the many variable (vector) generalization of the Newton-Raphson 
iterative procedure. In this approach, the simultaneous equations are expanded in a Taylor 
series with respect to the parameters about the nth estimate of the parameters, al?) The 


second and higher order terms in the expansion are neglected. The resultant equations are 


* 7 denotes the column matrix operator whose elements are a/aa,, i=1—+6. 
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then solved for the n+ 1st estimate. The first estimate can be provided by the results of cruder, 
but simpler, prediction methods. (See, for example, Chapters V and VII.) In detail, if the column 
matrix, f(a), is defined such that 


f(a) = XN [x(a,t)—y] = 0 (2.5.4) 


then in a region of the parameter space sufficiently close to al), 


f(a) ~t(a')) + F(a!) (a — al) = 0 (2.5.2) 
and 

alt) - (9) _ pot (al) gal) (2.5.3) 
where 

mal) oF 

ini Bee 53% a (2.5.4) 


a=a 


For suitably well-behaved, non-singular matrices, F, this procedure does converge to a solution 
of (ais) If the first estimate of the parameters is close enough to the ML estimate, then this 
solution will be the desired one. (Any quantitative statement regarding the concept of "close 
enough" will depend on many factors and cannot be given at this time.) 

A variant of the above method, which in practice is much simpler to apply, ignores the terms 
in F which involve second derivatives of the measurement functions, x(a, t), with respect to the pa- 
rameters. In all other respects the methods are identical. In the variant procedure, if the iter- 
ation described by equation (2.5.3) converges, it will still converge to a solution of (2.4.3), pro- 
vided that the (variant) F7! has no zero eigenvalues. In this case, the convergence of (2.5.3) 
implies that t(a'™)) >Oasn—->o, 

The variant method is currently being programmed on MIT's Whi1lwind I digital computer 
for a particular radar configuration. In essence, a stationary, single-site, planar-scan radar 
system is considered in which the radar takes measurements of elevation angle, azimuth angle, 
range, and range rate at up to six different observation times. The forms of the measurement 
functions, x(a, t), and the matrix X(a,t) for this system are presented in Part IJ, Chapter III, 
in conjunction with the error analysis of the ML estimate for this configuration. (The forms of 
the x and X matrices for an N-site radar system on a rotating earth in which each radar takes 
the same types of measurements as above are given in Part III, Chapter II.) The first crude 
estimate of the parameters required by this method is obtained from the minimum data proce- 
dure described in Chapter VII. 

Another similar iterative method under consideration is that of the steepest descent (gradient) 
approach to the maximum of L(a). This process is identical to the above except that F is replaced 
by a certain constant times the unit matrix of the same order as F. A method of choosing the 


"most suitable" value of this constant has not as yet been devised. 





*For a more precise discussion of the convergence of the iterations, see Section 3.3. 
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CHAPTER II 
AN APPROXIMATE SOLUTION TO THE LIKELIHOOD EQUATIONS 


3.14 INTRODUCTION 


An approximate, iterative solution to the likelihood equations, subject to certain restrictions 
on the space-time region of observation of the missile, is demonstrated below with a particular 
set of trajectory parameters. These parameters are the six scalar quantities descriptive of the 
missile position and velocity at a particular time, and are expressed in the spherical coordinates 
of the missile. The radar site is taken as the origin of the coordinate system. The method 
consists of expanding the measurement functions, i.e., the set x, in Taylor series in time and 
solving the resultant (truncated) likelihood equations by an iterative procedure. The difference 
between the solution to the truncated equations and that to the exact likelihood equations is also 
discussed. 

While in the following the radar system is assumed to be located on a non-rotating earth, 
the method can easily be applied to a system ona rotating earth. The functional expressions 
needed for this application are presented in Part III, Chapter II. 

Only the radar measurements of azimuth angle, elevation angle,* range, and range rate are 
considered below. (These are denoted by 8, a, r, and r, respectively.) The incorporation into 
the method of other measurements such as azimuth angle rate, 8, and elevation angle rate, a, 
can be carried out quite simply. In fact, if these latter measurements are made, the inclusion 
of the rotation of the earth becomes much simpler. (The reason for this is explained in Part Il, 
Chapter II.) 


3.2 METHOD OF SOLUTION 


The equations to be solved to obtain the maximum likelihood estimate of the trajectory 
parameters are 


Nn™* (y —x) = 0 (3.2.4) 


[paz 


where the set x is composed of the four measurement functions, g, a, r, r. Each of these is a func- 


tion of time and can be expanded in an appropriate Taylor series. Thus, 





Re are Gay = (n) 
at) 28,= 2 d Be) —+——= ) ar (3.2.2) 
n=0 dt n=0 
© (n) 
.° at. (3.2.3) 
n=0 
= teh 
ae) Bete (3.2.4) 
n=0 





*Elevation angles are assumed to be measured upwards from the horizontal plane, and azimuth angles measured 
clockwise in the horizontal plane. 
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rege wees (3.2.5) 


where for each measurement function, x, 


(n) n 
x = = Re aelOs te, (3.2.6) 
at” |, 
(t, — t)” 
{oe (3,2, 7)* 
1 hs 


A subscript i on the measurement function indicates that the measurement is taken at time t.. 
All of these series expansions will be valid for a large time interval provided that the positions 
of the measurements are sufficiently far removed from the line @ = n/2.t (Near the line a= 2/2, 
B =< and, also, forr>0, &—> ©.) 

The ellipse parameters in this method are A(t), B(t), a(t), a(t), r(t), and r(t).** The higher 
order time derivatives appearing in equations (3.2.2) through (3.2.5) can be expressed in terms 
of these by using Lagrange's equations as a starting point. Thus, the kinetic energy, T, and 


the potential energy, V, in terms of the parameters are 


T= 5 (i +r? a” + 2% pe es 3 
f 4 
5 ee ee ee (3,2.8)TT 
(1 4p eae gina|*/* p 
and it follows from 
L=T-V (3.229) 
and 
d dL Cs ic = Ls = 
dt q. — 9q. = 0 5 irs 25S F WY B > qe 5 a2 5 r (32200) 


that the equations of motion in these coordinates are 


rB cosa +2rBcosa—2rdafsina = 0 (3.2.44) 





*Note that (t;") (7,") = (n +m)! ntm 


FOS oi 


TFor a discussion of the radii of convergence of such time expansions, see F.R. Moulton, Astronomical Journal, 
Nos. 661-3, Vol. 28, 1914. 


**In general, A indicates the first time derivative of the quantity A; A the second time derivative, etc. 


TTSince the missile mass is irrelevant to present considerations its explicit appearance is suppressed. 
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ré + 2rd +r” cosa sina = — 8% (3.2.42) 
p 
£= ria” +p" cos’ a) =~ EP sna) (3.2.43) 


p 


Successive differentiations of these equations with respect to time lead to expressions for all 
higher derivatives in terms of the trajectory parameters. For example, the second and third 


derivatives can be written as* 


B = 2B(a tana — =) (3.2.44) 
ne 3 2 4 3 e 
B= 28(-2 +4475) (3.2.45) 
p B 

RA COB, 2ra@ , 22... 
(oa | mare 5 + an +B” sina cosa (352546) 

rp : 
(i jas SE (ra’t+ rp* sina cosa) — (3p + 247) 

1g 


el ee + 4, (r@ sina +r cos )]+ 2 00°84 fir +sina)tra cosa] (3.2.17) 
p 


r rp 
forte +p cos” qa) — {e+ sing) (3.2.48) 
p 
2 A : 
#=+[2,- 2008 2 ue? BO cos*a)| - 3a cosa(t +r sing) , (3.2.49) 
P p p 


Substitution into the likelihood equations of the expansions of the measurement functions then 
provides a basis for an approximate, iterative solution. For convenience, only the usual situa- 
tion will be considered in which all measurement errors are independent. In this case equation 
(3.2.4) can be rewritten as 


ee ee a =uyes Pees (3.2.20) 

Pn) 28; SAR ye a ie lie : ae 
i=1 i 

where M is the total number of measurements and o(x;) is the standard deviation of the errors 

(noise) associated with the measurement of x5. If all measurement errors of a given measure- 

ment type are restricted to have the same standard deviation, then substitution of equations 


(3.2.2) through (3.2.5) into (3.2.20) leads to the following set of equations 





*If more terms of the time series are used, note that the number of elements in each term increases (approximately) 
in an exponential manner. 
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M 
7 Lp ihe ee 
d |ej-e—ar+ Lm, - a> e (6 - p+ Si oe (a) 
i=4 n=2 o (a) 
(n (n) 

2 2 (r'.— Tr.) 
+ T) $e (rior) tn SB) = || 

(r) ey es 
No are my =) 
» [eins 27,287; + 3 [- Br; + &. (6; - B;) 
iz4 n=2 8B 


8) ba 26) oF 26) or (ta? 

o oa oO r o r i i 
(a! —a.) + BF ot ny en Sel Be (A) 

oto) a8 0+ Ct Grp ap tt o(r) ap ai 


~. oO (n) (n) 2 (n) 
2 [aj - aan, by ip [e+ 3 (a! —a,) +S) 2B (ig! 
nihey ie Pa a | oa” (8) 


+ Ha) te ae yon tn Gia a z (S-4)]| 
o“(r) or) ® i 


20 (n) 
(n) 
z a!t,-at,-2é7> + Y) rB [a+ BE ela 


n=2 


(n) (n) 2 (n) Space 
+ Fla) 8! 0) Sie errr se (4))| 


ap) ® o*(r) Pe gtk pte Oe ae” 
m, eo (n) (n) (n) 
: [rye sy 7 og l-" + 3 (rt — ~2) +5 38 (8; — 


i=1 n=2 





n=2 


9 2,- “ (nea) fe ee 
Z, [iy -#- Fr, Fae T,-4rT,—2rr; ay ‘3 7; n |" +age (A ) 


(3: 2eek) 


(3.2.22) 


(3.2.23) 


(3.2.24) 


(3.2.25) 





i eee 2 te (n) (n) 
+ SU) (ips + SE [rt] + HU) 2B (gs a) + Si Be a'—a.)| } . (3.2.26) 
p 5 o”(g) a i 
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In the above it is assumed that measurements of all four types are made at each observation 
time, t,. Hence, M, is the number of observation times (M = 4M,). Primes on quantities de- 
note measurement values, i.e., elements of the set y: 

Equations (3.2.24) through (3.2.26) can be simplified by an appropriate choice of t, the time 
at which the parameters are defined. Thus, with 


M 


Oo 
4 
t=y- 7 t: (3.2.27) 
\* aie 
isi 


M 
fo) 


all terms involving } T,J, asa factor, will vanish. 
i=1 
Since the right-hand sides of equations (3.2.24) through (3.2.26) are in the form of an infinite 


series, in practice only a finite number of terms will be used in obtaining a solution. Therefore, 
for the determination of the parameters, these equations will be put in the more convenient form 


a= $(a) + Ag(a) (3.2.28) 


with the terms to be neglected contained in Ao(a). In detail, 


M 
fe) 
B= yD We br? 3) 
° j=4 
M 
4 ae (n) 
Bea BT; (3.2.29)* 
Os 
i=1 n=4 
M 
oO 
= 4 1 33 - 4 
B= Mr 1B; 7; — 387, — 487, ] 
( = ?) isd 
iz4 
Oo 2 
4 n niz! (nt2) , 
Mir aaarest ae SS [- ats ae 





(3.2.30) 





*Since B is an ignorable coordinate, i.e., since the Lagrangian is independent of B, the derivatives with respect 
to B of the higher time derivatives of the parameters vanish. 
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(3.2.34) 


(n) 2 (n) 3 an 
da J in sig tele Be. (-)] (3.2.32) 


(3.2. 33) 








(n) x x 
2/..) (n+4) at tha 
ne a CCH JL Bae 
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where, for example, the first lines of the right-hand sides of equations (3.2.29) through (3.2.34) 
will correspond to (a) and the remaining lines to Ag(a). Neglecting Ag (a) and solving the re- 


sultant truncated equations 


aie @ (a) (332535) 


leads to a parameter estimate. To obtain this estimate explicitly an iterative procedure is 
used in which the n + 1st iterate is given by 


Yi = @ fa) , n= 42, RAN (3.2.36) 


where 


wae. (3.2.37) 


3.3 CONVERGENCE OF THE ITERATIVE PROCEDURE 


To determine a convergence criterion for this method, it is convenient to define the follow- 


ing norm 


N 
Hallie }plad -. (3.3.4)* 


where N is the number of components of the vector x. Ix; | denotes the absolute value of x,. 
The iterative procedure described by equations (3.2.36) and (3.2.37) will then converge to a solu- 
tion of (3.2.35) if 


jaa yj— 0. (3.3.2) 


neo 


To find some conditions under which equation (3.3.2) will hold, note that 
fa) a |] = Iota - gta]. (3.3.3) 


From the Taylor series expansion of g(a) with the remainder, it follows that 


6 
4), 2¢ 
gla) -g tal) = Y aa a 1) Ba, (3.3.4) 
i=4 


where the partial derivatives are evaluated at 


aoa ee iar aa teemi , f=te8 (3.3.5) 
3 1 p eee: 0 2 





*The norm of a vector x is usually denoted by || x ||. 
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Therefore, 
6 6 6 
oo: ao; 
(ota a (alyin cody pain) (n-1) ni | (n) (n-4) 
lana || = d yy da, [9 ch. I< b da, la; “— | 
jatview + i,j=4 
6 
og: A 
$ [tes re ix fia — gy) (3.3.6)* 
j=1 ; 


From this it is immediately apparent that the iterative procedure converges to a solution of 
(3'2.35) if 


I 
a¢. 
Max) lest (3.3.7) 
ivgagy 





(Note that this equation is a sufficient condition for convergence but not a necessary one.) If the 
measurement errors are reasonably small, this solution will also be the one of interest. 

To determine the configuration conditions for which equation (3.3.7) is satisfied, the partial 
derivatives of ¢ with respect to the parameters must be explicitly evaluated. This has been 
done for several situations. Based on these, some tentative conclusions can be made. In par- 
ticular, restrictions sufficient for convergence are 

(4) The elevation angles of the radar beams should be substantially less 
than 90°. 
(2) Radar ranges should be greater than about 1,000 n.m. 
(3) The total time of observation of the missile should be less than 
about 2 min. 
It is felt that these restrictions are pessimistic, i.e., that convergence will be obtained for a 
larger class of configurations. 

This iterative procedure is now being programmed on the Whirlwind I digital computer. 
When completed, the program will provide more precise statements concerning the convergence 
and rapidity of convergence of the iterations for a variety of configurations. 

It should also be noted that other methods besides the iterative one herein described could 
be used to solve equation (3.2.35). However, in cases where this iterative method is poor, or 
doesn't converge at all, the solution to (3.2.35) will in general differ substantially from the max- 


imum likelihood estimate** This point is discussed briefly in the following section. 





*Max [F.] denotes the maximum value of f considering all possible values of i. 
i 


tNote that the first two conditions are inversely related to the third. If the third were relaxed, the other two 
would have to be tightened and vice versa. 


**The region of convergence can be extended, for example, by employing a method similar to the above, but 
based on a choice of (r,+, ra,ra, rB cosa,rB cosa) as parameters. For cases in which o(r) << o(a), o(8), this 
method will yield estimates closely approximating those obtainable from the ML method. 
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3.4 COMPARISON WITH THE MAXIMUM LIKELIHOOD ESTIMATE 


The parameter estimates determined above will differ from the corresponding maximum 
likelihood estimates due to the deletion of A 9 from the likelihood equations. A crude upper 
bound on this difference will now be derived. For convenience, let the parameter estimate 
implied by equation (3.2.35) be’ denoted by a' and the maximum likelihood estimate by a. Then 
the difference between these estimates, a', will be 

esa aee gay ge) tee - (9-2 -m) 


From a Taylor series expansion with the remainder it follows that 











6 ag 
ee * 
a= ) ge a tAee) . (3.4.2) 
i=t = 
where the partial derivatives are evaluated at 
al, + OF at F o0<o <1 s i=i-+6 ; (3.4.3) 
Therefore, 
6 26, 
lavl< Yipee | ly l+lae,@l . ite (3.4.4) 
ist + 
and if 
! a 1 
a ca Ja | (3.4.5) 
then 
a9 
Max 
' ' 
@'Max S bi da, Max . lAevrax (a) | (3.4.6) 








i 


where ? Max is the component of corresponding to O" Max’ A similar interpretation applies 
; ; F ; 
for A ? Max’ Equation (3.4.6) is readily solved for a Max’ 


Ad 
16m! Pi 


a9 
Max 
a y 8a. 

j J 


a' 
Max ~ 








From this equation an upper bound estimate of a' can be obtained for any particular configuration 
desired. The equation also indicates that for cases in which equation (3.3.7) is barely satisfied 
(or not satisfied), the differences between the solutions to equations (3.2.35) and (3.2.28) may be 
considerable. 

An examination of A ¢ from equations (3.2.29) through (3.2.34) shows that the average (over 
the noise distribution) of the difference between a and a',i.e., a’, will be quite small for most 


cases in which the restrictions enumerated in Section 3.3 are satisfied. This follows from the 





* It is hoped that no confusion will arise between this use of the symbol a and that in which a: stands for a 
measurement of elevation angle. 


{This inequality applies only if the right-hand side is positive. 
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fact that the measurement errors are assumed to have zero means and hence yy, - x) = 0, 
i=1-+M. However, under certain circumstances, individual differences can give substantial 
contributions to a'. For example, if o°(B) 2 o(r), the component of A ¢ corresponding to the de- 
termination of B can be quite large. And, as equation (3.4.2) indicates, the ® determined from 
the solution to (3.2.35) may differ considerably from the maximum likelihood estimate. This 
situation can obtain regardless of whether or not the restrictions of (3.3) are satisfied. There- 
fore, in order to ensure that the iterative method, when applicable, will yield estimates approx- 
imating the maximum likelihood ones a further restriction must be added. This can be written as 


(4) The standard deviations of the radar measurement errors should be 
such that 


O° (x,) << 0 (x,) (3.4.8) 


for all measurement types %), X,- 
Unfortunately, equation (3.4.8) does not hold for radar measurement accuracies of present 
interest. Hence, the procedure described in Section 2 should be modified unless enough meas- 
urements are taken of the types with small o's so that for these 


M 
ord 
Zz T. (y, —x.) 
j=1 1 1 1 2 
Sg aes (3.4.9) 


(All the elements x; in the summation refer to the same measurement type, namely, x,-) With 
this equation satisfied, the contributions to A®¢ discussed above will be small even though for 
some other measurement type, X}° 


0° (x) Rolx,)  . (3.4.40) 


Clearly in these cases the fourth restriction can be relaxed. 
In any event, if it is found desirable to approximate the maximum likelihood parameter es- 
timates more closely, more terms can be included in,d and correspondingly less in4g. (Note 





*In the case of doppler measurements, this equation should be replaced by 
v: i 

it <«o(r) . 
Mo 
z 


[See equations (3.2.30) and (3.2.32) .] 
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that the satisfaction of the convergence criterion must be reinvestigated for the new @ and per- 
haps appropriate changes made in the iterative procedure:’) However, even if the method is un- 
suitable for estimating all the parameters, it may still be of use in estimating some. It should 
also be noted that the value of the method for a particular situation should not be judged from 

the accuracy of the parameter estimates obtained but rather from theaccuracy of the predictions, 
i.e., trajectory characteristics of interest. The dependence on the parameters of some of the 


prediction functions is presented in Chapter IX. 


3.5 COMPARISON WITH OTHER METHODS OF OBTAINING ML ESTIMATES 


When the restrictions enumerated above are satisfied, this method has some advantages vis- 
h-vis the first two methods, mentioned in Chapter II, of obtaining maximum likelihood estimates. 


In brief, these advantages are 


(4) The number of computer instructions required is much less. 


(2) There is no need for an auxiliary prediction method to supply a first 
approximation to the solution of the likelihood equations. 


(3) Radar measurements of elevation angle rate and azimuth angle rate 
can be incorporated easily and naturally into the method without 
appreciable further calculation. 





*A modification of equation (3.2.35) is now being programmed for situations in which the conditions expressed 
in equations (3.4.8) and (3.4.9) are violated. 
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CHAPTER IV 
AN ITERATIVE LEAST SQUARES ESTIMATION METHOD 


4.4 INTRODUCTION 


For the purposes of this study a least squares estimation method refers to any method in 
which parameters are estimated from minimizing a weighted sum of squares of errors in func- 
tions of the measurements. (The method reduces to the usual least mean square error criterion 
when the functions are taken to be the measurements themselves.) In principle, there exist an 
infinite number of possible least squares estimation methods. The method to be presented here 
as an illustration of the class of possibilities is an iterative one. It utilizes time expansions of 
functions of the measurement functions in which the lowest order coefficients represent the 
trajectory parameters. The iterative procedure employed probably converges over as largea 
space-time region of observation as is practically useful. 

For the moment, only measurements of azimuth angle, elevation angle, and range taken from 
a single-site radar system on a non-rotating earth will be considered. Inclusion into the method 
of the doppler measurements will be done in a later section. The changes necessary to adapt the 


method to a multiple-site radar system on a rotating earth are discussed in Part III, Chapter II. 


4.2 DESCRIPTION OF METHOD 


In this example, the estimates are obtained by minimizing the weighted sums of squares of 
errors in the cartesian coordinates of the missile position measurements. The radar site is 
taken as the origin of the coordinate system, although other origins, e.g., the center of the earth, 


could equally well be used. Explicitly, the function to be minimized is 


° 2 2 Z 
(x=) ty! -—¥.) (z! —z.) 
Byla)= fps Eg SE (4.2.4)* 
fn4 o (x;) o (y;) o (z;) 


where primed quantities denote functions of the measurements and unprimed quantities the 
corresponding functions of the measurement functions. It is assumed that there are M, times 
of observation and that at each, measurements of azimuth angle, elevation angle, and range are 
made. o(x;), oly;), and o(z;) represent the standard deviations to be associated with the errors 
in the functions of the measurements, i.e., with xp yp and Zi, respectively (i= 1-—> M,)- 
Let the cartesian coordinate system be chosen such that 
(1) The z axis extends positively along a radial line from the center of the 
earth through the radar site, 


(2) The x axis extends positively in the (arbitrary) direction from which the 
radar measurements of azimuth are based, and 


(3) The y axis completes a right-handed coordinate system. 


Then the following equations obtain 


! 1 1 ! na a ! 1 ! 
Xi(T], aj, 83) = x; = rj cosa’ cosp; , (4.2.2) 





*This use of the symbol x should not be confused with that of the previous chapters. 


Ze 





Ey 
1 1 


= 
W 


cos a: sinB; ‘ (4.2.3) 


1 
i i sina; : (4.2.4) 


By assuming small errors, o(x;), aly;) and a(z;) can be expressed simply in terms of the standard 


deviations of the radar measurement errors 


o°(x,) = o(r) [cos a; cos Bi)" +0°(a) [rj sin a’. cos Bi} +0°(8) [rl cos a; sin B!]° 5 4225) 


e (y;) = o*(r) [cos a; sinB!}’ +0"(a)(r! sin a; sin B!]°+0°(B) [rj cos a; cos pty Cae 6 


Z 


o°(z.) cS o-(r) sin ay + o*(a)[r! cos at)” ; (4.2.7) 


(All radar measurement errors of a given type are assumed to have the same standard deviation 
and all measurement errors are assumed to be independent.) 

Apart from a normalization factor, the function E, as now constituted is equivalent to an ex- 
pansion in x,y, and z, about the measurement values, x} Yp and Zi, of the logarithm of the cor- 
responding likelihood function, provided that 


(4) Only the first order terms of the expansions are retained,”* and 


(2) The terms involving cross correlations among the x,y, and z are neglected. 


These two statements indicate the basis for the difference between the maximum likelihood pa- 
rameter estimate (when no doppler measurements are made) and that obtained from minimiza- 
tion of equation (4.2.1). (Note also that the present method will, in general, not be able to cap- 
italize on a situation in which some types of radar measurements are made much more accu- 
rately than others. This is due to the fact that at every observation time, each function of the 
measurements considered depends on all the corresponding radar measurements.) 

To actually find the estimate of parameters implied by E,, the following time expansions are 
used 


= (n) 
x(a, t;) = x; = » x (t) a , (4.2.8) 

=0 
dtd > An 3 

b + oS (4.2.9) 
n=0 
= (n) 

0G 2 ee, (4.2.40) 


n=0 


These expansions converge for all cases of practical interest. (The notation adopted here is 
defined in the preceding chapter.) The lowest order coefficients, [x(t), x(t), y(t), y(t), z(t), 2(t)], 





* Note that for these first order terms to adequately represent the logarithm of the likelihood function it is neces- 
sary for the, measurement errors to be small. In addition, the relative values of the measurement errors must be 
such that o2(u) << o(v) where u and v represent arbitrary measurement types. This latter fact can be established 
from an expansion of the actual expression for the logarithm of the likelihood function. 
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ee —  —_————  e 


are chosen as the trajectory parameters and the higher derivatives can be expressed in terms 


; of them by successive differentiation of the equations of motion. For example, 


x x 








wy a . (4.2.44) 
[x? + y- Gast app’? p> 
B= + krypt (zetyal , (4.2.42) 
pp 
Se oe fee 
SiSia ete Eee ty (ett) 2) 
- Pp 
- ER peat yy tet ayey +e pray? ee -S (4.2.43) 
. p p 
| 
y=, (4.2.44) 
p 
yet + Yoex+yyt(ztsyz] , (4.2.45) 
ye 
Fo e+ DY eet yy t (244) a] 
pp 
45 : : Di SOLAS ONS G2 20 oBh 
— <P ektyyt(etapel+ Be sy? +e?-4) (4.2.46) 
p p 
g=—- 44) ; (4.2.47) 
p 
2-34 FE ktyye (etal, (4.2.48) 
p 
ge Bt ee yy 4s (244) a] 
p p 
~ Bett [kktyy + (244) z)° + 22t9 [x ty" 2? — 2 , (4.2.19) 
p p 


If still higher derivatives are desired, an elegant form, devised by Lagrange, can be adopted* 
Substituting equations (4.2.8) through (4.2.10) into (4.2.1), and differentiating successively 
with respect to each parameter leads to the six equations which are satisfied by the parameter 
{ values for which E, isa minimum. The following two equations, obtained by differentiating with 
respect to x and x,respectively, are representative of this set. The others can be obtained 


easily from these by inspection. 


*See F.R. Moulton, An Introduction to Celestial Mechanics (The Macmillan Co., N.Y. 1931 ). 
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(4.2.20) 


(4.2.24) 


This set of six equations can be truncated and solved by iteration in a manner analogous to that 


described in Chapter III. With the equations rewritten in the form 
a= $(a) + 4¢(a) 


where Ad(a) contains the terms to be neglected, and with t given by 








fo) 
act, 
t= M, t; ? 
izt 
it follows that 
M 
tse is (n) 
x= uM ne Phat i 
© int =2 
M 
eaties (n) 
BA n| ara: [@t) 5. ox 
se wee * - mea tt ae 
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2 
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(4.2.22) 


(4.2.23) 


(4.2.24) 


Re 


and M 








M 
o 7 (n) 
: (n+3) 
4 A(n!)3! 4,19 
a; ae hi of |- oR xT) + SR eh — x) 
( eg 212) i=t) n=Z 
ils 
2 (n) 2 (n) 
a(x.) o 1 Gr:) 
++ 2B oj-yp+ zs 8 @i- 20] , ns na 
o (y;) o (z;) 


where, for example, the second and third lines of the right-hand sides of equations (4.2.24) and 
(4.2.25) can represent the appropriate components of A¢(a). The solution to equation (4.2.22) 
is then found approximately by using an iterative procedure in which the n + 1st estimate of the 
solution is given by 
a") ga) | neaz.... ae. (4.2.26) 
The convergence (or lack of convergence) of this method can be established in the manner 


described in Chapter III. For example, it can be shown that equation (4.2.26) will converge to 


a solution of 
a= (a) (4:2::27) 


for a large time interval regardless of the radar-trajectory configuration! No quantitative 
estimates have yet been made, but they will probably indicate convergence for a time interval 
as long as is practically useful. 

An upper bound on the difference between the estimates obtained from equation (4.2.27) and 
those implied by equation (4.2.22) can be found from equation (3.4.7). For short time intervals 
and small measurement errors, this difference will be negligible. If for larger time intervals 
it is desirable to approximate the solution to (4.2.22) more closely, more terms can be incorpo- 


rated into ¢ and correspondingly less into Ag. 


4.3 INCLUSION OF DOPPLER MEASUREMENTS 


The radar range rate (doppler) measurements can not by themselves be incorporated naturally 


into this method. In order to express the cartesian components of the velocity vector in terms of 


*For short tota! time intervals, the dependence of o*(x,), oe; and oz.) on the time of observation can be 
suppressed . : ; 


T Note that, in contradistinction to the situation with spherical coordinates, the higher time derivatives of the 
cartesian coordinates will never be very large for any configuration. 


St 








measured quantities, measurements of azimuth angle rate and elevation angle rate are also 


needed. If these latter are made, then E, can be generalized to 
E(a) = E, (a) + E,(a) (4.3.4) 


where E, is given in equation (4.2.1) and E, is given by 


a 2 2 
(x! — x.) (y! —y.)2 (z! — z.) 
E,(a) = ry i wi rape i) rier! 1 (4.3.2) 
ey o(x,) o(¥,) 22.) 
ist i Yi i 
with 
eae 1 ae G . is A tat 
xi = ri cos a cos Bt rt at sin at cos Bt ri Bi cos a: sin 8} : (4.3.3) 


The ¥} and Zz can be similarly expressed in terms of the radar measurements. o(x;), oly;), and 
o(z;) can be calculated easily from the standard deviations of the measurement errors in the 
manner indicated by equations (4.2.5) through (4.2.7). The remainder of such an estimation 
procedure would follow closely along the lines of that described in Section 4.2. 

Lacking measurements of two components of the velocity vector forces the adoption of 
another method of utilizing the doppler measurements. A perhaps useful, if unesthetic, pro- 
cedure involves the following generalization of E 4 


E'(a) = E,(a) + E}(a) (4.3.4) 
where 
° [et — e (ayy? 


Et(a)= ), 


i=1 


om (4.3.5) 
o (r;) 
In this method, ry is written partly in terms of the radar measurements and partly in terms of 


the parameters to be estimated. (Expressing r solely in terms of the parameters leads to 
greater difficulties in solving for the estimates by an iterative method.) Thus, 


a 4 Fi F 2 
on Se (4.3.6) 
where 
° (nt4) (n+4) (n+4) 
, n ; n : n 
Sac} = Zz x ag , v5 = » r us , Ze = » Z T; 3 (4.3.7) 
n=0 n=0 n=0 


* Functionally, it follows that ri = xx + yy + zz and, therefore, writing the expression for Fas in equation (4.3.6) 
precludes taking proper advantage of doppler measurements of (relatively) high accuracy. 
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Equations (4.2.24) and (4.2.25) are then rewritten as 
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where the first lines on the right-hand sides represent the terms to be included in ¢ and the re- 
maining lines those to be included in Ag. (The other four equations which are used in the param- 
eter estimation are analogous to these and, hence, are not written explicitly.) These equations 


are clearly in the form 


AG',yz',r')a= (a) + Ad(a) (4.3.40) 
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where A is a 6X 6 matrix. Hence 
as [p(a) + Ad(a)] - (4.3.44) 


By omitting the term proportional to 4¢, an estimate of the parameter values may be obtained 
from 


Be at ga) one tzs.. , aad (4.3.42) 
The conditions under which this iterative procedure converges to the desired solution of 
-1 
ah (a) (4.3.43) 


are still under investigation. 


In closing, note that the above separation into @ and A@ of the terms contributed by ES is 


only meant to be illustrative. Other separations, depending on the values of o(r;), might be 
more useful. 


34 


CHAPTER V 
COMPOSITE LEAST SQUARES ESTIMATION METHODS 


5.4 INTRODUCTION 


In the methods discussed below the process of parameter estimation is artificially separated 


into the following two parts: 


(4) Estimation of the plane of the trajectory, and 
(2) Estimation of the other trajectory parameters assuming this plane is 
known. 
These methods utilize the concept of least squares defined in Chapter IV. Their main purpose 
is to provide simple, but fairly general procedures for estimating parameters from any number 
of radar measurements of the following four types: azimuth angle, elevationangle, range, and range 
rate. Another purpose is to enable the re-estimation of orbits, as more data is obtained, to be 
made with as little recalculation as possible. 
The description of the methods to be given involves only a single-site radar system ona 

non-rotating earth. The changes necessary to apply them to a multiple-site system on a rotating 
earth are contained in Chapter II of Part III. 


5.2 CLOSED FORM ESTIMATES OF THE TRAJECTORY PLANE 


The plane of the trajectory can be described by the two parameters Bo and 5,: These are 
defined pictorially in Figure 5.4. 6, represents the angle between the trajectory plane and 
the line defined by the radar site and the center of the earth. Alternatively, 5 can be 
thought of as a great circle arc on the surface of the earth. This arc originates at the radar 
site, and extends and is perpendicular to the great circle which represents the intersection of 
the trajectory plane with the earth (0< 558 ¥/2)- Be describes the orientation of this arc with 
respect to a fixed, arbitrary direction (north). In terms of these quantities and a spherical co- 


ordinate system centered at the radar site, the equation of the trajectory plane is 


rcos @ 


APRIGIGi oe (8 —B,) =tand, - (5.2.4) 


This equation can be derived simply from the descriptions of Figures 5.1 and 5.2 and the formulae 
of plane and spherical trigonometry. Thus, from Figure 5.1 it follows that 


cos (B — B,) tan6 = tan 5, (55252) 
and from Figure 5.2 that 

(1+ r sina) tané =rcosa . (53223) 
Combining these equations leads to equation (5.2.1). 


*It is felt that this description of the trajectory plane is more amenable for making prediction calculations than 
one using the direction of the angular momentum vector. 


Tlt is assumed here that 8, #0. If 5, © Oand Bi ® B: all i,j then B, * B; —(s —8{)n/|6¢ -8}|2 - vy >t, 
(see eq.(5.4.23)). If 8, = 0 and some B; s differ from others by 7, then B..% Bi. +1/2, Bi x Bit oF i > tee 
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TT' = Intersection of trajectory plane with earth's 
surface. (The arrowhead indicates missile 
direction of motion.) 


O = Radar site 
OD=5 
° 
LODT =1/2 


ON = Direction of North Pole 


LNOD = B (measured clockwise when looking down 
° on radar site) 


PL= (See Figure 5.3) 
OP; =6& 


LNOP, = B (azimuth angle age: on trajectory as 
measured from radar site) 





PyD = (1 — 8) (See Figure 5.3) 


(All arcs represent great circles) 


Fig. 5.1. View of the surface of the earth. 


3- 312-3848 


P = Missile position 
O = Radar site 
C = Center of earth 
OC = Radius of earth = 1 
LCOP=n/2 +4 


a = Elevation angle above horizon of point 
on trajectory 





Fig. 5.2. View of the plane determined by the missile position, the radar site, 
and the center of the earth. 
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For a set of measurements, Bi, ai, rh the perpendicular distance between the spatial po- 


* 
sition determined by them and the plane determined by Be and 5, is 
1 ' (tees = ' gi 1) si 2.4 
rj COs a} cos (8; B,) cos Ps (1 + rj-sin ai) sin 5, A (5 ) 
Therefore, if M, sets of measurements of azimuth angle, elevation angle, and range are obtained, 


the parameters describing the plane can be estimated in a least squares sense by minimizing G 
with respect to By and 55° G is defined by 


M 
° 
. ‘ A 
- = 5.2.5 
G(B,.6,) » W, (A, sinf, + B, cos.) cosé,—C, sind)” , Ww, 20 ( ) 
i=4 
where 
= 1 ! ; ' 
A; ri cos at sin B! (5.2.6) 
~ ! ! ! 
B. = rj COs a} cos Bi (Seca) 
C,=i1+r! sina! ; (5-2-5) 
i i i 


W;; Oe ae M,: represents an appropriate weighting factor. It can be obtained, for example, 
from a composite of the standard deviations of the individual measurement errors. (See Chap- 
ter IV.) 

Unfortunately, the equations resulting from an application of the usual conditions for mini- 
mization do not seem to be soluble in closed form. To obtain a closed form solution G can be 
replaced by 

G, (8...) = Phase. ; . (5.2.9) 
cos 6, 
Minimizing G, corresponds to minimizing the sum of squares of distances from the observa- 
tion point to the plane. These distances are measured along a direction different from that de- 
fined by the perpendicular to the plane. In particular, 5, is the inclination of the direction in 
question to that of the perpendicular to the plane. 


Carrying out the appropriate differentiations of equation (5.2.9) leads to 


M M 

fo) ° 

3 : 

y WC; tan 54 = ;, W,C; [A; sing, + B, cos Bo] (5.2.10) 

isi i=1 
and 
M M 
° ° 


2 2 eae 2 reas 
» Wc, (A, cos By _ B. sin B )) tan by = » W; (A; —B; ) sinB, cosB, + A,B (cos B,-sin B,)I- 
i=1 i=1 
(5.2.44) 


*The measurement notation used in this Chapter is identical to that introduced in Chapter III. 
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From these equations it follows that 


ra me - 2 2 2 2 
cos By — sin Be 4 Sous Mal wx oo -_ (2W;B.C;) + (2W,C;)[ZW(B; -A;)] en 


sinB, cosh, tang, ° (2W,C?)(2W,A.B.) — (2W,A,C,)(2W,B,C,) 








(5.2502) 


(All indicated sums here and in the following equations are from i = 1 > M,:) Expressed in 
terms of D, tanB, is given by 


tang,=-D#ND*+4 . (5.2.43) 


In equation (5.2.43) the plus sign implies that By is in either the first or third quadrant. 
Similarly, the minus sign implies that By is in either the second or the fourth quadrant. To 
distinguish between By being in the first or third quadrant, the sign of tan 5, can be used: The 
quadrant corresponding to tan o- > 0 is to be chosen since, by definition, 0 < 56 <1/2. (Note 
that regardless of which of the first or third quadrants is chosen the same plane is determined, 
i.e., {8, 54} and {B, +7, — bot denote the same plane.) The same criterion and discussion also 
apply in distinguishing between By being in the second or the fourth quadrant. 

In regard to the choice of the sign of the radical in equation (5.2.13), note that the two alter- 
natives yield B's which differ by 7/2. One of these corresponds to the minimum of G, and the 
other to the maximum. The ambiguity can be resolved, for example, by obtaining the value of 
By for which 

te ele ome (5.2.44) 
sin’ 6 rm 
isa minimum. (The equations obtained from setting the partial derivatives of this expression 
equal to zero yield a unique value for tan B,:) In particular, differentiating equation (5.2.44) 
leads to 


P : z 
[ZW,C, (A, sin p* +B, cos B*)] tan 83 = EW, (A; sin B* +B, cos B*) (5.2.45)t 
and 


: 2 2 ‘ 2 outs 
<= * <— e * of 
[ZW,C, (A; cos BS B, sin 8%)] tan 68 =W,; (A; B;) cos B& sin Be = A,B; (cos Be sin B%)] 


(5.2.16) 
Eliminating tan 88 yields 
2 
tango = PAB MEW BC) - (EW BNZW,ALC)) eee 
OS ee ere we 
(2W;A.B;)( =W,A-C:) - (2W,A; )(2W,B:C.) 


from which By can be obtained.”* Once By is determined, the estimate of oe is easily found from 
equation (5.2.10) or (5.2.11). (These estimates of By and 6, might be improved by a suitable 
averaging with the results obtainable from G,-) 

TAsterisks are used to distinguish these values from those of equations (5.2.10) and (5.2.11). 
**In general, BF — 1/2 < Bo< B: + 1/2. 
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It should be noted that a least squares estimate of the trajectory plane can also be made 
from a description of the plane in terms of cartesian coordinates subject to the appropriate sub- 
sidiary conditions. This procedure involves the solution to a cubic equation for the determination 


of the Lagrange multiplier. Details of the method will not be included here. 


5.3 FORCED COPLANARITY OF POSITION MEASUREMENTS 


Before methods of estimating the other parameters are considered, note must be taken of 
the fact that these methods assume the plane of the trajectory is known. This may cause diffi- 
culty since the observation points defined by radar position measurements will, in general, not 
lie in the estimated trajectory plane. Therefore, the coplanarity may be artificially enforced. 
This can be done in a multitude of ways. For example, if the standard deviations of the errors 
in angle measurements are muchless than those of the errors in range measurements, the values 
of the range measurements can be changed so that the opservation points do lie in the estimated 
plane. In particular, the corrected ranges, found from equation (5.2.1), are given by 

tan 6 z 


(ce). i (5.3.4)" 
r= Gogol coslat Spb )ftiane) pnear * TS ee lt : Hee 
i cosa; cos (Bi Be) tan 6, sin a; 


If the standard deviation of the errors in elevation angle measurements is greatest, then the 
values of the elevation angles can be changed. The corrected values follow again from the equa- 


tion of the estimated plane in spherical coordinates and are given by 


—tan 6” + cos (6! — B,){(r!)"(cos” (B! — B,) + tan” 6.) — tan” MS india 


2 


: (5.3.2)" 
ri [cos (B; = Bz) + tan 65] 


oC) cs 
sin “aj = 
where 0<¢ fe) gs < 1/2. Similarly, if the standard deviation of errors in measuring azimuth angle 
is greatest, then correcting the azimuth angles yields 
tané (4 +1! sina!) 
° i i 


4 


(gy =p, + cos” (5.3.3) 


r'cosa! 
1 » 


wats can be determined unambiguously from this equation provided that (Bi -- (e)gr) is sufficiently 
small.) Another possible method of forcing the coplanarity would be to let the corrected observa- 
tion points coincide with the projection onto the plane of the actual observation points. 


5.4 CLOSED FORM ESTIMATES OF IN-PLANE TRAJECTORY PARAMETERS 


The parameters remaining to be estimated will be called the in-plane parameters. The par- 
ticular set to be used in this section comprises the parameters a,e, 95> and to: a and e are the 


semi-major axis and the eccentricity of the trajectory, respectively. O denotes the inclination 


*In connection with equations (5.3.1) through (5.3.3) note that there exist special cases for which the obser- 
vation point cannot be forced to coincide with the plane for any choice of only one of the three spherical 
coordinates. However, for small standard deviations of measurement errors these situations will be extremely 
rare and can be ignored. 
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D = (See Figure 5. 1) 
P,C = (See Figure 5.2) 
Pr = Intersection of line CP with earth's surface 
L = Launch point of missile 
| = Impact point of missile 
LAI = Missile trajectory 
LDI = Great circle on earth's surface 
A = Apogee of trajectory 
CA = Direction of major axis of trajectory 
CP=p 


CD = Reference line for 8 measurements 
Note: 8, is restricted to satisfy 


-1/2<8,< 1/2 





Fig. 5.3. View of the trajectory plane. © 


of the perigee portion of the major axis of the ellipse to an arbitrary reference line. It is meas- 
ured positively from this reference line in the direction of motion of the missile. (This direction 
can be determined from a comparison of azimuth angle measurements made at two different 
times. See the discussion following equation (5.4.20).) A more explicit definition of 8, 
is given in Figure 5.3. ty is the time of the (theoretical) last passage of the missile through 
perigee. 

The parameters a,e, and Wy will be estimated first. By using these results, the estimate 
of +. will be obtained. Such a procedure, of course, represents a further separation in the es- 
timation of parameters. It is only done here and not in the succeeding section. 

The various methods of estimating a,e, and P 2 to be described in this section make use of 


the following properties of elliptical trajectories 


(1) The geometrical equation of the trajectory in polar coordinates is 


given by 
2 
2 alt —e) 
P= T¥e cos(o— 8.) : (5.4.4) 


(2) The constancy of areal velocity (Kepler's Second Law) implies the 
dynamical relation 


2 
5a e xeG@—e) } (5.4.2) 
in which AA represents the area swept out by the radius vector of 
the missile in the time At. AA can be approximated by the area 
of a polygon 
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n-1 
4 ; 
AAR 5 » p(t,) p(t;,4) sin [O(t; 4) — O(t,)] (5.4.3) 
i=1 
where 
At eti-t, (5.4.4) 
The parabolic corrections to equation (5.4.3) are discussed in 
Section 5.6. 
(3) The radar range, in terms of the polar coordinates, p and ©, is 
r={4+ a + 2p cos ®@ cos 6} t/? ; (5.4.5) 
(This equation is easily derived from Figures 5.1 and 5.2,) 
(4) The radar range rate, obtained directly from equation (5.4.5), is 
given by 
rs L {p(p + cos © cos a p® sin® cos 54} (5.4.6) 
where, from equations (5.4.1) and (5.4.2), it follows that 
e sin(® —9@_) 
eee (5.4.7) 


Na(4 - oi 


and 


6 -4 va aoe) (5.4.8) 
p 


For convenience in using the above, an auxiliary set of three parameters will be used, 


namely, L, b, and d where 


Na(1 aut (5.4.9) 


5 
b=e sin®, (5.4.40) 
d=ecos 8, x (5.4.44) 


The inversion of these equations shows that the set a, e, and eo. is given by 


2 
aS —_,—_- (5.4.12) 
4 ee ee 
er ats (5.4.43) 
@ =tan7! °) aye 26.2 a2 (5.4.44) 
" ) << 4, 


(The reason the parameters L, b, and d were not used from the beginning is the difficulty in de- 
fining b and d without first introducing a,e, and 8.- ) 
A least squares estimation of a, e, and 8, can now be made from a minimization with respect 


to L, b, andd, of the expression 
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H = W,H, + WH, +W H, NDt44'5) 





3 
where 
. M,-1 
pip!.., sin (6), —.6') 2 
ne F w,/2 Het : (5.4.46)* 
4 Ai baa - 
i=4 
fe) 
: Dee 
Ho = 2) W,, [P}(4 +b sin@! +dcose!)-L°} (5.4.47) 
i=1 
and 
M 
ec sin @! 2 
H, = a wf — (es + cos @! cos 6,)(d sin ©} —b cos @!) — Hy 2 cos] ‘ 
i=4 


(5.4.18) 


H, represents deviations from the constancy of the areal velocity implied by the measurements. 
(This statement is not strictly true due to the polygon approximation.) H, has a rather abstruse 
geometric interpretation which will not be presented. The interpretation of H3 is not clear; it 
merely represents an artificial means of incorporating the doppler measurements in a reasonably 
simple manner. The W,,; i=1- 3, indicate the relative importances to be attached to the func- 
tions H;- The Wii bee aie S a nice tg M,: represent the relative weights to be given to the in- 
dividual elements of the sums which comprise the functions H;- In these equations, Pi and oF 
are functions of the radar measurements, Bi, at, and rie If the lack of coplanarity of the meas- 


urements is ignored, then it follows directly from Figures 5.1, 5.2, and 5.3 that 


pi= {41+ (et)? + 2r! sin at} 1/2 (5.4.49) 
and 

Ol=a-y tan7* {tan (8,-Bi) sind} 3 —nx/2<tan™*{} <x/2 (5.4.20) 

where 

pt — Bi 
k a 
“ a a 5.4.24 

aut a5 eae ile See 


The condition on the arctangent in (5.4.20) implies that only missiles which travel less than half 


*An improved, more complicated version of Hj is derived in Section 5.6. 


tNote that if IB: — By I > m, then the azimuth reference line falls between B and By - For these cases the ex- 
pression for y should be replaced by 
' ' 
6; + 2n- By) 


harem Me cds 
IB; + 2n— By | $ 


42 








way around the earth are being considered. The coefficient, y, of the arctangent is needed to 


* 
distinguish between the two possible directions of motion of the missile. If for all j, Bi * By 
then the radar site will lie approximately in the plane of the trajectory (6, = 0). In this contin- 


gency, equation (5.4.20) can be replaced by 


(6! —6!) 
bi +5 thle 2h) 4 Ot (5.4.22)? 
i (airy) i i fait 
where 
i ri cos a} 3 
Tt beseech AP, ! ie ae PF 4.2 
5; tan ers r aa al ; 0< bi< r/2, ie 4 M, (5 3) 


Setting the partial derivatives of H, with respect to L, b, and d, equal to zero leads to three 
simultaneous, non-linear equations. Two are linear in the variables (unknowns) b andd. By 
solving these, b and d are easily expressed as quadratic functions of L. Substitution into the 
third equation then yields a cubic equation in L which can be solved in closed form. (The desired 
root is usually the one whose value is closest to that of the L which is obtained by minimizing H, =) 
The estimates of a, e, and 85 then follow directly from equations (5.4.12) through (5.4.14). Since 
the actual detailed solutions are quite cumbersome, but simply derived, it was felt no useful 
purpose would be served by including them. 

The H,, i=1- 3, of the above method can also be used in other, much simpler ways to 
make parameter estimates. Thus, H, could be used alone to obtain an estimate of L and then 
H, and/or H3 used separately to estimate b and d. The equations for the estimates with these 
procedures are all linear. 


From the values of a, e, and 95: the estimate of ty can be obtained by using Kepler's 


equation 
(t—t,) = fice cael (5.4.24) 
to form 
M 
. / 
eA -_ 3/2 hess . Co 2. 
T= ), {t,-a°/ “(ul —e sinul) -t } (5.4.25) 
iz4 
where 


N41 —e” sin(e' — ©) 
Ss fe} 


esa ATE t 
4+ecos(e!-—@e ) (5.4.26) 
i co) 


u! = sin” 
i 





*Restricting 85 to the regiond< 55< 1/2 implies the need for y(= +1). If 8, were such that 0< 5< mand 


the quadrant were chosen via a suitable rule, e.g., from the direction of the angular momentum vector, then 
the explicit use of y would be unnecessary. 


fif 5 = 0, but some Bi ‘s differ from others by a, then 8: =a+ (t; —+) 84/|t,-t; lez Bi = Bi tr 


iSee Appendix A. 


43 





es 








The value of to for which T is a minimum is given by 


M, 
ice ¥, 2 {t, tet /2 (ye sinu!)} (5.4.27) 


This represents a least squares estimate of ty: 


5.5 ITERATIVE ESTIMATES OF IN-PLANE TRAJECTORY PARAMETERS 


The methods described in the preceding section all yield in-plane parameter estimates in 
closed form. More sophisticated estimation procedures which do not give closed form solutions 
can also be used. An example of the latter type will now be described.” It is an iterative method 
and again makes use of time expansions in which the lowest order coefficients represent the tra- 
jectory parameters to be estimated. In this case, the four in-plane parameters are chosen as 
p(t), p(t), E(t) and 6(t). The function of these parameters to be minimized is 


M 
° 


2 2 
HI! = ot eels r pemoeale 9! F (5.5.4)T 
iz4 a (p;) a (9;) 


and the time expansions to be used are 


oo co oo 
n (t,. —t) (n) (n+4) 
d n P n 
See 2 a ae ae ee ee a (5.204 
dt : 
n=o t n= n=o0 
3) i 3) 
(n) ; (n+4) 
a= Ler . &= Set (5.5.3) 
n=o n=o 


From the equations of motion in polar coordinates, it is easily shown that the higher time de- 


rivatives appearing in equations (5.5.2) and (5.5.3), expressed in terms of the parameters, are 


*This method was first developed by M. Ritterman and co-workers, Sylvania Electric Products Inc. 
TOnly measurements of azimuth angle, elevation angle, and range will be considered in this section. Doppler 


velocity measurements can be included in the method in a fashion completely analogous to that described in 
Section 4.3. Thus, the doppler velocity can be written as 


r= e [(p, + cos®; cos 54)P; -(; sin 8, cos6,)6,] 


and, to simplify the problem of solving for the parameter estimates, the right side may be replaced by 


Fda Ser (n+1) (n+1) 
ee %, (p; a5 cos8; cos&) p — (; sin 6; cos) 6 


**See Chapter III for definitions of notation. 
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- 2 4 
Prov = 
p 
Zs rs 
p =p j—z — 30 
p 
; 2 by Nar 32 
eS gaat Sg Soe a Pace OE 
p 
p p 
6 -— 22 
p 
© = 29 {p(3p? — 76%) + 4} 
p 
xe 280 Pare 62 
6 = PP {12p(0° 6° — p*) — 14} 


p 


t, the time at which the parameters are evaluated, is chosen as 


* 
while the quantities o7(p.) and o°(0,) are given by 


r! + sina!]2 r! cos a!]2 
2 2 Zz 
o (p;) =¢ «fr oe (a;) pa 





! 
P; P; 
and 
4 
Fo ge 6 OE Ag 
0 (9;) =0 (B;) RO, FW sin 6, 
cos (B; =P 
Differentiating H' with respect to the parameters leads to the following equations 
M, 4 (n) 
paar aig Dy Pee 
M, i i 
i=1 n=1 
M 
oO © (n) 2 (n) 
(n+3) o(p 
ei n miss 3 ap i Es) 
+i Ly eee © % Fel -Og E+ = Ol - 80 
Os. = a (8.) 
i=i n=2 i 





*See equations (5.4.19) and (5.4.20). 
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(5.5.4) 


(5:35:5): 


(5.5.6) 


(S250) 


(5.5.8) 


(S559) 


(5.5.40) 


(5.5.44) 


(5.5.42) 


(55:43) 

















fo} 4 
(n) 
2 n 
eo: = M_ e!-— 2, 8 Ls 
S i=1 n=1 
M 
GO co (n) Z (n) 
(n+3) a (8.) 
4 n mes! 3 380 i ap 
ay bt | (a + 3)! a ee ee Ae (Pi — P;) “56 et 
© i=4 n=2 i 
° 4 
ae ree es 
. ae A ee sae we 
oO ws = 
{ 5 7?) i=1 n=2 
izi + 
Min” of 
. 4 yom {_ a(n3! cles 
+ M, Ti (n + 3)! i 
a( 2 2) al ti 
ina 7 
i| (n) o p.) (n) 
Oe has ae i 32 6 AS 
as Bp (p; —p;) + Ze) (9;-98,) (575-15) 
i 
M 
| 4 . “ : (n) n 
e= 7M, 8i- » ay T; 
. isa 7 
‘ M, « 
ae. yom {_ anys: Get 4 
M, i (n + 3)! i 
€ 3) ut. ote 
jaa. * 
(n) o*(0 ) (n) 
EO Tigi = ign ey pees 16 
gs pe ) 26 (pj —P;) att 
i 
; If the four parameters are denoted by b with 
| ba Ps bo =p : b, =® : b,=0 (5.5.47) 
then the equations to be solved for the parameter estimates are in the form 
f b = g(b) + Ag (b) (5.5.18) 


(The terms on the first lines of the right-hand sides of equations (5.5.13) through (5.5.16) are 
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meant to comprise ¢. The remainder of the right-hand sides comprises A¢.)* By ignoring 


Ao, a value of b can be obtained via the usual iterative method, i.e., 


p@tt) . (b'™) Wet es oS ; (5.5249) 


It is easy to show that this iterative procedure will converge to the desired solution of 
b = $(b) (5.5.20) 


for large time intervals — regardless of the radar-trajectory configuration. For periods of 
observation of several minutes duration, the number of iterations necessary for practical ac- 


curacies is probably well under ten. 


5.6 CORRECTION TO POLYGON APPROXIMATION FOR AREA 
OF AN ELLIPSE SECTION 


In equation (5.4.3) an approximation for the area of a section of an elliptical trajectory is 
introduced. This approximation is equivalent to assuming that the missile traverses a straight 
line path between successive observations. The magnitude of the error in the approximation 
will obviously increase with an increase in the time between measurements. Since the entire 
elimination of the systematic error would require far greater complications than is warranted, 
only a partial elimination will be considered here. In particular, it will be assumed that be- 
tween observations the missile moves in a uniform gravitational field whose strength is an 


average of that of the true field in this region. The magnitude of this force is taken as 





a p 
Feit ("2 4 wy. (5.6.4) 


where Py and P> are the distances of the missile from the earth's center at two successive 
times of observation. The direction of this uniform force field will be defined by that of the 
radius of the earth whichis, in angle, half-way between the radii of the two observation points. 
(See Figure 5.4.) The shaded area of the figure represents the amount which is to be added 


to the appropriate part of equation (5.4.3). This area can be determined conveniently using 


the solutions to the equations of motion expressed in the cartesian coordinate system indicated 


in Figure 5.4, 





*If a better approximation to the solution to equation (5.5.18) is wanted, more terms can be taken from Ap and 
added to 9. has 
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C = Center of earth 
PiPo= Observation positions of missile 


x,y = Axes of cartesian coordinate system with 
origin at C. The y axis is along direction 
of (assumed) force on missile. (The arrow- 
head indicates direction of force.) 


6, —i6 
” he Wee 2 
LP CP = ZPCP, = 7 = 





Fig. 5.4. View of the plane determined by two successive positions of the 
missiie and the center of the earth. 
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2 2 


dy 4 dx 
i eat ‘ ae F (5.6.2) 
at? P4P2 at” 


Since the force is assumed constant throughout the region of interest, these equations lead im- 


mediately to 


2 
yt) sy =y,+5,t-> xi) x =x, +3,t (5.6.3) 


where the coordinates of Ua are (x ) and those of P,are(x,,y>)- The time of the first ob- 


4°04 
servation is taken to be zero and that of the second to be At. Applying these conditions yields 





oe - i ws At 


SE. nt A Saas eee (5.6.4) 


From the above, y can be determined as a function of x and, hence, the shaded area, denoted by 
AA", will be given by 


2 4 
AA! - yax- = (x, — x, yz + ¥4) : (5.6.5) 
x 
4 
Since 
- AO Ae 
a = Pq Bae ’ X5 = Bs sin (5.6.6) 
and 
AS A9 
Vighe Py COB ral Ts MaSi5 SAR gC 0Biaar (5.6.7) 


a trivial calculation shows that 





2 
E PAO Ul: ai Ao (At) 
AA' = (p, —?P,) sin - 3 (p> —p,)(4 At) cos Fras 24p Pp (5.6.8) 
For AO, At << 1, this reduces to 
P., ep 2 
th cate eaenattes (At) ed 
SAY == Ae 12p,0, + (Py — Pp) : (5.6.9) 
Using the above correction, equation (5.4.16) for H, can then be rewritten as 
M,-1 
p!p!,, sin(®@!,, — @!) e!,,-e! 
(c) pi i oe! it+4 i A itt i 
Hy ym | ees § Tag eae z 
ss it4 1 
i=1 
2 2 
e! -—@! (t. —t.) 
sf i itd i 
x |e; py it. tances (2) Es “st. | 25 
| it1 i it4 i 2 129) 4P; 
(5.6.40) 
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CHAPTER VI 
CLASSIFICATION AND ANALYSIS OF MINIMUM DATA ESTIMATION METHODS 


6.4 INTRODUCTION 


As shown in Section 1.2, the trajectory of a ballistic missile is determined from a knowledge 
of six (ellipse) parameters. These parameters are to be inferred from radar measurements of 
the missile. A deterministic method of estimation which uses only six measurements is called 
a minimum data method. For given radar configurations and measurement types, all possible 
minimum data methods can be classified and analyzed. To illustrate the procedure, classifi- 
cation and analysis will be carried out in detail for the case of a particular single-site radar 
system. 

Since "noise" is ignored in this discussion, there will be no necessity to distinguish between 
the measured quantities, i.e., the elements of the set y,. and the measurement functions, i.e., 
the elements of the set x. Hence, the notation employing primes on the former is dropped in 
this and the following chapter. 


6.2 CLASSIFICATION OF METHODS FOR A MULTIPLE-BEAM SINGLE-SITE 

RADAR SYSTEM 

Consider a radar system on a non-rotating earth which contains a set of n scanning beams. 
Each beam scans in azimuth at a constant elevation angle and, therefore, scans along a cone. 
The elevation angles of the beams (cones), a, i=1->n, are all different, i.e., 


a, Fa, ei aa) ie =e (6.2.4) 


It is assumed that the path of the missile intersects these cones. In general, the intersection 
will occur at two points. Only the first such point will be considered. Therefore, the a;'s can 
play the role of the independent variable in the description of a portion of the missile trajectory. 
At each a; it will be assumed that four measurements are made. These are t; the time at 
which the missile passes through the ith cone; Bj, the azimuth, measured from a reference 
great circle, of the point of intersection of the trajectory with the ith cone; ri the radar range 
of the point of intersection; and r, the radar range rate or doppler velocity of the missile upon 
passing through the ith cone. 

The trajectory parameters are to be estimated from these measurements. For definiteness, 
consider the set a of time independent parameters which consists of (a, e, 8, to By» 5)" This 
set is defined in the preceding chapter. 

Now, since 8 is an ignorable coordinate of this dynamical system, £ is the only measured 
quantity which will depend on the parameter B+ Furthermore, since the measurements £, r, 
and r can be obtained as functions of the geometry of the path alone, it is clear that these quanti- 
ties are independent of the parameter to: Thus, t alone is a function of to: In summary, r and 
r are functions of the four parameters (a, e, 8, 5) and the independent variable, a; B is a func- 


tion of (a,e, 8, By» 6) anda; and finally t is a function of (a,e, 8. 5 65) anda. If the set c is 


to 


*For a discussion of the meaning of time independent parameters, see Chapter IX. 
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understood to denote the four parameters (a, e, 8, 6). then the measured quantities can be 


written functionally as* 


B= B + Bic, a ;) (6.2.2) 
nes r(c,@,) (6.2.3) 
r, = Pc, a;) (6.2.4) 
Let etigey > 12S 2, (6.2.5) 


Clearly, then, for a radar with n beams these 4n equations obtain, and from them an estimation 
of the six ellipse parameters can be made. Since there are only six unknowns, any subset of six 
of the set of 4n equations given above, which includes at least one azimuth and one time measure- 
ment, will suffice to estimate the parameters.! This statement serves as a classification of all 
possible minimum data combinations for the radar system considered. For example, estimations 
can be made from four ranges, one azimuth and one time, or five azimuths and one time, or two 
ranges, two azimuths, one radial velocity and one time, etc. The accuracy of the estimation 
will, of course, depend strongly on the particular set of minimum data chosen and on the beam 


separations employed. 


6.3 ANALYSIS OF MINIMUM DATA EQUATIONS 


As mentioned in Section 1.2, if six independent data are obtained at one value of the inde- 
pendent variable, e.g., three components of the position and three of the velocity of the missile 
at time t, then the trajectory parameters are uniquely determined. However, if the six data 
are collected at more than one value of the independent variable, the parameter determination 
is not necessarily unique.** The six simultaneous equations connecting the data and the parame- 
ters may be non-linear and, hence, may have more than one solution. tT The "spurious" solution 
or solutions can sometimes be eliminated by using independent knowledge (other than knowledge 
of the six data) of the physical situation. For example, if a (small) region of the parameter 
space is known to be appropriate, then a unique determination of parameters can usually be made 
by accepting only that solution to the six (non-linear) equations which lies in this region. Even 
though extra knowledge, i.e., more "data," may be required for a unique parameter determi- 
nation, prediction methods which basically make use of only six data have still been called mini- 
mum data methods. 

The ellipse parameters, aside from this possible requirement of more data, can be obtained 
explicitly by solving the six simultaneous minimum data equations. In general, it is necessary 


to resort to approximation methods. However, there are some cases for which it is possible to 


*|t is important to note that these functional relations hold only for the idealization of a non-rotating earth. If 
the rotation is considered, each measurement will be a function of all six parameters and the independent variable. 
However, these added dependencies will be slight and can be treatedas small perturbations of equations (6.2.2) 
through (6.2.5). 


TThe question of uniqueness is discussed in the following section. 
**For a more detailed discussion of this point, see Part Il, Section 2.6. 


ttFor an example, see Chapter VII. 
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Solve the six simultaneous equations in closed form. For example, with the specific system 
configuration discussed above there are three types of minimum data methods solvable in closed 
form. The first uses measurements of two ranges, two azimuths, one radial velocity and one 
time from only two elevation angles. This is the only case known for which it is possible to 
obtain a closed form solution for the parameters using measurements from only two elevation 
angles (two beams). This case is discussed more fully in Chapter VII. As for the remaining 
two cases, one makes use of three ranges, two azimuth angles, and one time; and the other of 
two ranges, three azimuth angles, and one time. In both, measurements from only three ele- 
vation angles are used. These latter cases will not be considered further in this report. They 
are possibly of some significance for multiple-beam radar systems which do not make doppler 
measurements. 

It is also of interest to note that there have been many nonclosed form minimum data solu- 
tions devised for astronomical applications. Foremost among these are Gauss! and Laplace's 
estimation methods which make use of three azimuth angles and three time measurements made 
at three different elevation angles. The method-of the former can also be used for estimation 
from measurements of two ranges, two azimuth angles, and two times made at two different 


elevation angles. For a description of these methods, see Moulton, op. cit. 
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CHAPTER VII 
DETERMINISTIC ESTIMATION METHODS 


7.4 INTRODUCTION 


As stated in Chapter I, estimation methods are called deterministic if they are motivated 
primarily by a consideration of the dynamical, rather than the statistical, aspects of prediction. 
Two such methods, which yield estimates in closed form, are developed below. Both use the 
RE Bo» 6.) described in Sections 5.2 and 5.4. One of themisa 


minimum data method and uses the following measurements: two azimuth angles, two ranges, 


set of parameters, (a, e, © t 


one range rate (doppler velocity), and one time. These measurements are assumed made ata 
single radar site and at only two different elevation angles. (The elevation angle is taken as the 
independent variable.)” The other method makes use of redundant data, namely: two azimuth 
angles, two ranges, two range rates, and two times. The measurements are again assumed 
made at a single site and at two elevation angles. 

A stationary earth is assumed throughout the development. The changes necessary to adapt 
the methods to a rotating earth system are easily made. These are described in Part III, Chap- 
ter II. (Note that with the rotation of the earth considered the parameter estimates can still 
be given in closed form.) 


7.2 GEOMETRIC AND DYNAMIC RELATIONS 


Mathematical relations between radar measurements and trajectory parameters can be es- 
tablished from considerations of either geometric or dynamic properties of missile trajectories t 
In this section, both types of properties are used to obtain the equations needed in the estimation 
methods under discussion. 

The definitions of the geometric quantities of interest are presented pictorially in Figures ded 
through 7.3. From these the equation of the trajectory plane can be determined. (See Section 5.2.) 


rcosa@ 


ARSE cos (8 — B,) = tand, (eez5a) 


where r 2 sin 55° Equation (7.2.4) expresses the trajectory plane in terms of the spherical co- 
ordinates (r,a,f8).. The radar site is the origin of this coordinate system. Clearly, then, equa- 
tion (7.2.4) relates the ellipse parameters, By and 54: to the radar measurements (r,a,f8). To 
obtain equations which will relate the radar measurements to the other ellipse parameters, it is 
convenient to make use of two intermediate variables, p and ©. (See Figure 7.3.) These are 


easily expressed in terms of 8 , 6., and the radar measurements, i.e., 
(e) fe} 


p wid iex” ¢2r sin a} 1/2 (7.2.2) 





*This method assumes that the direction of motion of the missile is known. Thus, strictly speaking, it is not a 
minimum data method since the relative times of missile passage through the two beams are required to determine 
the direction of motion. (See discussion in Section 6.3.) 


+See Section 6.1, paragraph 2. 
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TT = Intersection of trajectory plane with earth's 
surface. (The arrowhead indicates missile 
direction of motion.) 


O = Radar site 
Py = (See Figure 7.3) 


ON 2 Direction of North Pole 


OD =65 
° 
OP, =6 
P,D =n — 6 (See Figure 7.3) 
LODT =2/2 


B = Azimuth angle of missile position as 
measured from radar site 





(All arcs represent great circles) 


Fig. 7.1. View of the surface of the earth. 


P = Missile position 
O = Radar site 
C = Center of earth 
OP = Radar range =r 
OC = Radius of earth = 1 
CP=p 
LCOP =n/2+4 


a = Elevation angle of radar above horizon 








c 


Fig. 7.2. View of the plane determined by the missile position, the radar site, 
and the center of the earth. 
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D = (See Figure 7.1) 
P,C = (See Figure 7.2) 
Pr = Intersection of line CP with earth's surface 
CA = Direction of major axis of trajectory 
CP=p 
L = Launch point of missile 


| = Impact point of missile 


Note: —1/2< 8,< 1/2 





Fig. 7.3. View of the trajectory plane. 
and 
@=7-ytan {tan(@,—A) sind} , —n/2< tan’ { }< 1/2 (7.2.3) 
where y = +1. The plus sign obtains for a missile traveling in the direction indicated in Fig- 
ure 7.4, and the minus sign obtains for the opposite direction of motion. A more complete dis- 
cussion of this point is presented in connection with equation (5.4.20). 


The radar range and range rate can now be obtained in terms of p,98, and the ellipse param- 
eters. From Figures 7.1 and 7.2, it follows that 


y? =i+ * + 2p cos © cos or. r (R24) 
Differentiating this equation with respect to time yields 

rs 4 {(p + cos © cos 6.) p —p @ sin® cos 5} (7.2.5) 
where fp and © are given by 


Na(1 — e”) 


p 


6 = (7.2.6) 
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2 e sin(9 —@ ) 
ne (T22ET) 


Jats — 0%} 


Equations (7.2.6) and (7.2.7) can be derived ina straightforward manner from the equation of the 


trajectory in its plane, 


ali = 6°) (7.2.8) 


ie 1 +e cos(8-@,) 


and Kepler's equation, 
t-t, = 23/2 {u—e sinu} (7.2.9) 


where u, the eccentric anomaly, is related to 0 by 


N41 —e* sin(e—e ) 
(e@) 


+= * 
u = sin “T¥e cos(O—6,)_ (7.2.40) 
Another useful expression for p, resulting from dynamical considerations, is 
oz a y2_ Lb _ 2p —1) (7.2.44 
Rat =ev o2 r) Pe) 


where Ve is the initial speed of the missile and L is the magnitude of its angular momentum per 
unit mass with respect to the center of the earth. This equation follows directly from the defini- 
tion of L 


i= p*6 (7.2.42) 
and the conservation of energy 


oS p* ape" svg - est) , (7.2.43) 


Note that ve and L are directly related to the parameters a and e. Thus, 





si ; (7.2.44)* 


and from (7.2.6) it follows that 


oat =5"e ~ v2} 1/2 : (7.2.45) 


7.3 DETERMINATION OF PARAMETERS 


The above equations can be used to determine the trajectory parameters from the data avail- 
able in each method. As both methods are very similar, their exposition will be carried out in 
parallel. This will be done in three stages: 





*For the determination of the quadrant of u, see Appendix A. 


tFor a derivation of this equation, see any standard text on dynamics. 
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(4) Calculation of By and oo which describe the orientation of the trajectory 
plane, 


(2) Calculation of a and e, which describe the size and shape of the ellipse, 
(3) Calculation of ©, and t,, which describe the space-time orientation of 
the ellipse in its plane. 


7.3.4 Calculation of By and 5, 





The parameters By and OF. are obtained in both methods by substituting the values of the two 


position measurements in equation (7.2.1). This gives the following two equations 


r., cos @. 
- 1 


a * 
T+r, sina, ee, — py swns. 4. Ste . (7.3.4) 
Dividing one of these equations by the other, and simplifying the result leads to 


tan6, cos —tan6d, cosB : 
¢ octet 2 2 (7.3.2)* 





bwae . tané, sin B5 —tand, sin B, 


where 


r. cosa. 
1 Bf 


tand; = (753.3) 


41+r. sine. 
- 1 
8, can be determined uniquely from equation (7.3.2) since By must satisfy the following inequalities 


B.-F<B See A iged2 9 ee (7.3.4) 


A is given by equation (7.2.1), e.g., 


tand, = cos (8, —B,) tand, 5 0.66 (7.355) 


7.3.2 Calculation of a ande 


The semi-major axis, a, and the eccentricity, e, of the trajectory can be evaluated from 
the position and doppler measurements. It is in these calculations that the difference between 
the two methods becomes manifest. Consider the minimum data method first. For definiteness, 
the doppler measurement obtained from the lower elevation angle will be usea! This and the two 
position measurements determine L. In particular, from the equations of Section 7.2 it follows 
that 





eee ee os oe (7.3.6) 
2 
x L a 
Pi ammernonloy =o” whthientg ee 
i ° 
* i= 1 refers to the earlier (in time) measurement set, and i = 2 to the later set. 


+The error analysis of this method shows that if both sets of measurements are made on the launch side of apogee, 
more accurate impact point predictions are obtained with the doppler measurement of the first (lower) beam. (It 
is assumed in the error analysis that the standard deviations of the measurement errors in both beams are identical .) 


tif By =B,, then &, = 0 and B, = B, — (85 —§,)/2|8—8,| . IfB, =B, +1, then & =O and B, = B, + 0/2. 


ST 





and 


e sin(9, —9_) 
xe 4 Ors H) : 
= ¥, (Py + cos 8, cos 54) L ee sin 0, cos | (7.3.8) 





Ty 
where 9 and p; are given by 

p; = {4+ ri? + 2r, sin a,} 1/2 ‘ (7.3.9) 

e,= yn {tan (8, — B;) sind} 4 ~4 <tan™*{ $< 3 : (7.3.40)* 


y is determined from 


(B, — By) ‘ 
y= [2,-8,| ’ 27+, . (ie: Pele i 


Eliminating e and os from equations (7.3.7) and (7.3.8) then leads to a quadratic equation for L 


whose solution is 








i: 2A A->0 B oe 
where 
cosO5 cos @, Py 
Az=t = cos 6. — — — cos (6, —- 6,) 3 (7.3029 
P4 P2 ee Sut 3 
alas 2) sin (©,-8,) P (7.3.44) 
C = [1— cos(6,—- ©,)] [p, + cos Oy cos 65] 2 (7.3459 


For low elevation angle scans, r will usually be negative and the sign of the radical can be deter- 
mined simply for these special cases: r <0 implies that B>0. Since C >0 in all cases, the 
negative sign of the radical must be chosen in order that L be positive. (For these cases A < 0.) 
It can further be shown that for (0, - 8,) << 1, the negative sign of the radical always applies. 
For the general case, there are a number of ways of choosing the desired sign. One simple 
method is to use the fact that 


p5p, sin(@, —8,) 
re eee 2 4 


- ue eet 


(7.3.46) 


since the two time measurements will, in practice, always be available. If B¢ — 4AC << |BI, 
this method may not be decisive and Kepler's equation might be of use. However, if \B2 —4AC 
is actually negligible compared with the absolute value of B, the choice of sign is irrelevant. 

In terms of L, e can be determined from equations (7.3.7). The result is 


2 2 2 2 2 2 
e? = —_,+ _ (4-3) (4-1) - oft -1)(U--2) costo, ~0,| (7.3.47) 
sin (8, —9,) Po P4 Po Py 


*If Bo= By, then @, = 1 + 8,(8)—54)/l8)— 6,1. If Bo= By + m, then 0, = +6, —t Vt |, ij. 
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The evaluation of a then follows immediately from equation (7.3.6) 


2 
rg a : (7.3.48) 
z 
4—e 





In the redundant data method, L and v, are calculated first. Thus, equations (7.2.5) and 
(7.2.12) lead directly to 


ee iiing 
(P; + cos 8; cos 6) P; = 50; + Ds sin 8. cos on : (TS 29} 


and equation (7.2.44), with the use of (7.2.4) and (7.3.49), can then be written as 





2 2r.r. sin®. cosé 
<P ip, + eed 8, cos 6 yey ae {sin’ 6 ~r} +1. |- = - 2 
fe) i i fo) 2 ° i p. 
Py 1 
(p, — 4) 
2: 2 yes = 
man see + 2(p; + cos Q. cos 5,) P, =0 . (7.3.20) 


By eliminating ae L can be determined. The result is 





2 
(a,c, —azc,) + (a,c, —a,c,) — 4(a,b, —a,b,)(a,d, —a,d>) 





%* 
L= ah Ses, (7.3.24) 
where 
asap cos:@ cos6_)* (7 donc 
fp NES i ° , meee 
sin’ 6, _ r? 
b=—3—-_—, (7.3.23) 
Pi 
‘) —2r,r, sin®, cos6, 
6 ‘ (7.3.24) 
i 
; (G5 <4) 
ee {se? oy. Ao at Need eo: oe (7.3.25) 
i cies iP; 
2 
In terms of L, ve is given by 
| ee | 2 ap. 
- Vo Seg hie teLt+d,} Seton 2. (7.3.26) 
a and e then follow immediately from equations (7.2.14) and (7.2.45). 
) *The appropriate sign of the radical in this expression can be determined by using a suitable test. (See the dis- 


cussion following equation (7.3. 16).) A preliminary numerical analysis indicates that the positive sign of the 
radical leads to a value of e > 1 in the situations of interest. Hence, this root can be rejected as only elliptical 
trajectories are being considered. 
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7.3.3 Calculation of 8, and ty 


The orientation of the ellipse in its plane, described by 8. can be determined in both meth- 


ods from equation (7.2.8). 


oO "=o. — cos” 
° | 


4 
4 /L -4 Ms, 
+(° -1)| oS 0<cos {}e<n > 1. Wror 2.(7.3,27) 





In this equation it is assumed that measurements are made on the launch side of apogee. For 


the general case, the more complicated formula 


2 Z 
sy p,(L —p,) cos®,-—p,(L —p,) cos® o 
®, = tan gf A A SE Bick a Rae ens: S : -S¢tan*{} <3 (7.3.28) 


é q 2 A 
Py (L — P>) sin®, —Pp(L —P,) sin®, 


can be used. (With or obtained in this latter manner, e can be found more easily in the mini- 
mum data method from equation (7.3.7).) 
ty the time of the (theoretical) last passage of the missile through perigee, is given in both 


methods by Kepler's equation. 


t seg 


= 
5 hy (u; —e sinu,) (7.3.29) 


where 


hie 
wer Ni-e sin(O;— ©.) 
sin 


i 4+ecos(®.-—@ ) : 
i ° 


c 
iT} 


1.2 tor 2. "5 (025,50) 


The time measurement used can be either from the first or second elevation angle. 


7.4 COMPUTER PROGRAM 


These methods, with an accompanying impact point calculation have been programmed on the 


Whirlwind I digital computer. A partial error analysis of them is presented in Part II, Chapter V. 
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CHAPTER VII 
A RESTRICTED ESTIMATION METHOD 


8.4 INTRODUCTION 


In some situations it is desirable to make estimates which are subject to subsidiary condi- 
tions. For example, it maybe of interest to estimate the time of arrival ofa missile at a par- 
ticular point in space subject to its actually passing through that point. Estimates which involve 
such a condition (or conditions) are called restricted estimates since the possible values for the 
estimated parameters are restricted to include only those for which the subsidiary conditions 
are satisfied. (In effect, the number of independent parameters of the original system is re- 
duced by imposing subsidiary conditions.) 

A probabilistic formulation of, and an explicit method of obtaining restricted estimates 


are described below. 


8.2 CONDITIONAL PROBABILITY DENSITY 


If the parameters can be considered as random variables, then the subsidiary conditions 
will serve to define a conditional probability density. To obtain an explicit expression for this 
conditional probability density, a change of variables will be made. First, note that the indepen- 


dent subsidiary conditions will be described by 


b'(a) = 0 (8.2.4) 


where b' has m components. Each component signifies an independent, scalar condition. m 


must satisfy 
m<n (8.2.2) 


where n is the number of independent parameters. (In this study, n = 6, but since the following 
discussion is in no way limited by this number, the symbol n will be used.) Now, by using Des 
a new Set of parameters, b, is defined as follows 


agit gs Oe 
b, = b; (a) ; poe Weep 001 


rk " = es ape 
b, = b, (a) = a, Se Soothe mae cay ol (8.2.3) 


where the a,'s are members of the original seta, e.g., (a, €,0,,t, 85.5): It is assumed that the 
a,'s which complete the set b can be chosen such that the inverse of the transformation from a 
to b exists in the region of the parameter space of interest.” (In general, the choice of the a,'s 
will depend on that region.) 

The above change of variables leads to the relation 


p(a) da = p(a(b)) |A'| db (8.2.4) 


where a(b) is determined from the inverse of equations (8.2.3). |A'| is the Jacobian of the trans- | 
A | 


formation and the elements of A'are 





*The precise conditions which the transformation must satisfy for the inverse to exist are given in Cramér, op. cit., | 
page 293. =e | 
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(A') Bee! ce aay Ces ty) (8.2.5) 
ty 2, OS a ; =. 


From this, it is easily shown that the determinant of A’, the Jacobian, satisfies 


IA'T = |anyal (8.2.6) 
where 
8a; 
(my? hy = ob. > i,j = 2 Bana , (8.2.7) 
J 


Therefore, with the definitions 


p'(b) = p(a(b)) |...) (8.2.8) 
p'(bly) = platb) ly) | (yA (8.2.9) 

and 
p'(y|b) = ply la) (8.2.40) 


equation (2.4.2) can be rewritten as 


p'(b) p'(y |b) 


a (8.2.44) 


p'(bly) = 
In view of the subsidiary conditions (equation (8.2.1)) the conditional probability density of in- hhy 
terest is 


eree p'(b', b"|y) 
p (b |b *y) =) ely : (S52. 22) 


From this and equation (8.2.14) it follows that 


p'(b',b") p(y |b',b") 


p'(b" |b',y) = py) (8.2.43) 


where 
p'(b',y) = p(y) p'(b' |y) (8.2.44) 


is the joint probability density of the random variables b' and y. In these equations and those 
that follow, each member of the subset b' isunderstood to have the value zero. 

The conditional probability density, p'(y|b',b") viewed as a function of b" will be called the 
restricted likelihood function, R(b"). This function will be proportional to the conditional prob- 
ability density of b" (given b' and y) if, and onlyif, p'(b',b") is independent of b". Therefore, 
if p(a(b)) is independent of a (see Section 2.2), then equation (8.2.8) indicates that lmayA'l must 
also be independent of b" for the proportionality relation to hold. (Note, for example, that 


| my"! will indeed be independent of b" if b and a are related by a linear transformation.) 
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8.3 RESTRICTED MAXIMUM LIKELIHOOD ESTIMATES 


In the method of maximum likelihood, the parameter estimates are obtained by maximizing 
the likelihood function. For the situations in which the parameters are subject to subsidiary 
conditions, it seems reasonable to modify the ML method and estimate the parameters by maxi- 
mizing the restricted likelihood function, R(b").* The value of b" for which R(b") is a maximum 


then leads to the restricted maximum likelihood estimate of the parameters through 
a = a(b’,b") (8.3.1) 


where b'=0. This value of a, however, is precisely the estimate obtained by finding the maxi- 
mum of the original likelihood function, L{a), subject to the conditions (8.2.4). Since, in general, 
equation (8.2.3) can not be inverted in closed form to give equation (8.3.1), R(b") is not always 
easily found. Therefore, a method of determining the restricted maximum likelihood estimate 
will be described in which L(a) itself is maximized subject to equation (8.2.1). In particular, 

the method of Lagrange multipliers will be used.t This leads to the following equations 


V{L(a) + b'{a) a} = 0 (8.3.2)** 
b'(a) = 0 (8.3.3) 


where A has (unknown) components A,, j= 1—-m. Equations (8.3.2) and (8.3.3) represent m+n 
simultaneous equations inm+nunknowns. The unknowns are the i.'s and the a,'s, j= 1m; 
i=1-—n. In principle, then, equations (8.3.2) and (8.3.3) will yield the desired restricted estimates. 
By considering the form of the likelihood function given in Chapter II, equation (8.3.2) can 
be written as 
XN7* [x(a) - y] + Bia = 0 (8.3.4) 


where B! is defined by 
(Bea fe te tem Pet en (8.3.5) 


In order to eliminate A from these equations, it is convenient to introduce the following decom- 
positions of X and B' 


Um)Bli; = (BI; ; apart east tits 5 (8.3.6) 
i=417->+m : 
lctay ag = St, 2 pertains (8.3.7) tt 
E=jbo 5 





*Note that R(b") is well defined regardless of whether or not the parameters are considered to be random variables. 
tFor a discussion of Lagrange multipliers see any standard text on advanced calculus. 
**(Vis the gradient matrix operator with components 0/da,., i=1—+n.) 


+iThe pre-subscript indicates the number of columns in a rectangular matrix and, hence, the number of rows in 
its transpose. 
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i=1-M 3 


UmySij = XN; is ie he (8.3.8) 
i=i-M , 

Uin-m) Sj ? (X],,, ; j=i-(n—m) , (853.9) 
k=jtm , 


where M is the total number of measurements made by the system. By using these, equation 


(8.3.4) can be separated into two sets of equations, i.e., 
~ -4 ~ &s 
i XN laa 5 leas an 0 (8.3.40) 


and 


~ 


(nem N [xla) —¥] + (pny A= 0 (8.3.44) 


where (im) 2) = (m) (2 The first set contains m scalar equations and the second (n — m) equa- 
tions. From Section 8.2 it is seen that (m)2 has an inverse by assumption. Therefore, equa- 


tion (8.3.10) can be solved easily for A: 
Wy Pee ae XN Ly — x(a)] : (8.3.42) 
= (m)=* (m)== SS 

Substituting this solution into equation (8.3.14) leads to 
f'(a) ={ a= a he) kN it ii=r0 (8.3.43 
EA@) = nem) 7 (n-m)B m)=! (m2! NX xia) yl = ; +943) 


The simultaneous solution of the n scalar equations contained in equation (8.3.3) and in (8.3,13) 
yields the restricted ML estimate of a. In general, these equations will be non-linear and not 
solvable in closedform. Therefore, an iterative procedure, paralleling that of Chapter II, will 
be discussed. In this method, it is assumed that a first, crude approximation to the estimate 

is available. This is denoted by a(t) (The determination of this first approximation will depend 
strongly on the explicit statement of the conditions in equation (8.2.1) and also on the parameter 
space region of interest.) A Taylor series expansion in a of equations (8.3.3) and (8.3.13) can 
then be made about the value a(t), If second and higher order terms in a are neglected and if the 
derivatives of the B and X matrices with respect to the parameters are ignored, then the equa- 
tions become: 


Kal} wot fatal?) —y + x(a) [a—al?)} 


Salt) io) owes 
(a) = mB (2) my B® my El 


Les my = 


= f(a) + Fa") fa-al) x0 (8.3.14) 


pia!) + Balt) taal") wo (8.3.45) 
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__azgiiiperizzseiimaaaaaa aia iiil aia i s\ 


If ee which has (n—m) rows and n columns, is decomposed as follows 


l= dhe Nm | : 5 
a= | re ree 
apes k,| > | Sep re de (8.3.16) 
i=i7-n-m ; 
nem) Ej = Ellie jei-+n-m , (8.3.47) 
k=j+m a 
and if 
Cm) = (a-al*)), : = 4 we (8.3.48)* 
( ), = (a-alt)) cilia (8.3.49) 
a). =(a-a * ney 
Or ee jeitm P 
then equations (8.3.14) and (8.3.15) can be rewritten as 
17,(4) = 
Cs + Gr? east * cee (8.3.20) 
17, (4) P. 
Be) + ony Bimy® * (nm) Bin-m)t > ° (8.3.24) 
Now, equation (8.3.24) can be solved for (m)& 
= =a ! (4) (8 3 22) 
(m)% =~ GenyBI {nm B(nemy% * BME VT - 


Substituting this solution into equation (8.3.20) yields 


-4 “Ager (1) Seat aaa 


(n-m)% * {imE UmnyB)  (n-m)y2 ~ (n-m) 


(8.3.23) 


and with (n=m)% determined, equation (8.3.22) leads directly to (m)% The next estimate of the 


m) 
parameters, a(2), then follows from equations (8.3.18) and (8.3.19). This iterative procedure 
can be continued and, assuming the iterations converge, the restricted ML estimate will be 


obtained. 


*In the case of a column matrix, the pre-subscript indicates the number of rows contained therein. 
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CHAPTER Ix 
RELATIONS BETWEEN PARAMETERS AND PREDICTION FUNCTIONS 


9.4 INTRODUCTION 


Once the trajectory parameters have been estimated, functions of them, called prediction 
functions, can be calculated* In this chapter, prediction function formulae are derived for 
various trajectory characteristics which might be of interest. These formulae are presented 
in terms of the particular set of time independent trajectory parameters described in Chapter V, 
i.e., the set (a,e, 85 to By é,)4 The relations between this set of parameters and other sets © 
including those introduced in Chapters II, II, and IV, are also described. 


9.2 PREDICTION OF MISSILE POSITION AS A FUNCTION OF TIME 


The prediction functions which describe the position of a missile at a time t can consist of 
the altitude of the missile, h(t), its colatitude, $ p(t), and its longitude, 7 p(t). In expressing 
these functions in terms of the parameters it is convenient to use the angle O(t). (See Figure 9.1.) 
This angle is determined implicitly by Kepler's equation 


t=t + a? * pussy le minut) (9.2.4) 


where 


(9.2.2) 


N4 —e“ u(t) 


- FER 
a's bs “eal pice |: —e cos u(t) 


An iterative method of explicitly determining © from these equations is presented in Appendix A. 


The altitude of the missile is then easily found from 


h(t) = oi all ale te eh yy = (9.2.3) 
The colatitude is found from the relations implied by Figures 9.41 and 9.2. 
$,(t) = cos”! {cos $ cos 6(t) + sing sin d(t) cosB(t)}} , OK Olt) <a (note 
where 
cos 6(t) = cos 6, cos |O(t)-—7l =—cos 5, cos E(t) , O< d(t)<r (9.2.5) 
and 
B(t) = 8, + tan™* [ tan eG) —r/z<tan*{}<n/2. (9.2.6) 


sin 54 





Phicewsy rt function is somewhat of a misnomer since functions which describe past situations are also included 
in this class. 


{By time independent parameters is meant a set of generalized coordinates and momenta of the missile system 
which are constants of the motion. 


* * @ denotes the colatitude of the radar site in the Northern Hemisphere and 1/2 plus the latitude for sites 
located in the Southern Hemisphere. 











C = Center of earth 
P(t) = Position of missile at time t 


Pr(t) = Intersection of line CP(t) 
with earth's surface 


k,D = (See Figure 9.2) 
CA = Direction of major axis of trajectory 
CD = Reference line (See Figure 9.2) 
CP(t) =p 
vt) = Velocity vector of missile 


a (t) = Elevation angle of velocity vector 
¥ (measured in direction indicated) 





Fig. 9.1. View of the trajectory plane. 


y = +41 for the direction of missile motion indicated in Figure 9.2 and y = —1 for the opposite 
direction of motion. (For a discussion of y see Section 5.4.) If by = 0, the arctangent is n/2 
if tanO(t) >0O and —7/2 if tan Q(t) < 0. 

The longitude of the missile can be determined unambiguously from 


Ptah _ sin B(t) sin 6(t) 
sin (7, (t) — 7) = ~ sing tt) (Suze 0) 


and 
cos 6(t) — cos @_(t) cos @ 


sing, t) sing (9.2.8) 


cos (n(t) —n)= 


If ${t) = 0, i.e., if the predicted position is directly over the North Pole, then np(t) is undeter- 


mined and irrelevant. 





*n is the longitude of the radar site. 


Gy 











TT' = Intersection of trajectory plane with earth's 
surface. (The arrowhead indicates missile 
direction of motion.) 


O = Radar site 
N = North Pole 
“[5-312-3855] NS = Greenwich Meridian 
+ ON =6 = Colatitude of radar site 


1 = Longitude of radar site 
Pr(t) = (See Figure 9.1) 


P(t)N =o _(t) = Colatitude of missile position 
T P 
not) = Longitude of missile position 
OP, = &(t) 
B (t) = Azimuth angle of missile velocity vector 


k = Intersection of TT' with ON 
Ok = 5. 





Bit) 


(All arcs represent great circles) 


Fig. 9.2. View of the surface of the earth. 


9.3 PREDICTION OF MISSILE VELOCITY AS A FUNCTION OF TIME 


The velocity vector of the missile lies in the plane of the trajectory. Its elevation in that 
plane can be described by the angle a(t), and its azimuth by the angle B(t). (See Figures 9.4 
and 9.2.) Thus, a(t) and BL (t) serve to determine the direction of the velocity vector. The 
magnitude of this vector, i.e., the speed of the missile follows from the conservation of energy 
equation 


7 ai 4/2 j 
= +2(—7 -1 «By 
v(t) x (Ce )) (9.3.4) 
where p(t) is contained in equation (9.2.3) and one the initial speed of the missile, is given by 

4 
v_=2-= = (9.3.2) 
The analytical expression for a(t) is obtained from the conservation of angular momentum. 


dati= a7). 


p(t) v(t) cos a(t) 3 (9.3.3) 


Since 
L 
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it follows that 


3/2 
(t+ wa - | 
a(t) = ee : Se ee t ad pce 0< cos at {} < 1/2 (9.3.4) 





where a(t) is measured in the direction indicated in Figure 9.14. The coefficient of the arc-cos | 


accounts for the fact that before the missile passes through apogee a(t) > 0 and that afterwards 





a (t)< 0. 
v 
To determine an analytical expression for BL (t), it is convenient to introduce the angles o,. 
and 5, 
-1 : * 
@,, = tan {-y sin 6) tan Bo} wh s/Z2S 0,< 30/2 (9.3.5) 
a tan 6 
6. = tan cos 8 » —t/2< 5. ry 2t ws (9.3.6) 


By using these equations, a careful examination of all possible configurations shows that 








(0, -—@) ( *) 5, -4 [cos ($, =o.) — cos %p cos (6 — 1) 
Bt)= (1 +5 2)*7 Teer A ine et [5,1 cos mg, sinTO — | 
| 

0 < cos 1h< m/e ; (9.3.7)1 


9.4 PREDICTION OF TIME, POSITION, AND VELOCITY OF MISSILE IMPACT & LAUNCH . 


The functions described above can be used to predict the time, position, and velocity of 
missile impact with the surface of the earth. Since the p and © of the impact point satisfy the 


equations 
Pr = 4i (9.4.1) 
-0 <2T (9.4.2) 
it follows that 
e 


2 
0,= 85+ eos”? stee=4| 2 eax cos™? {<2e . (9.4.3) 


The time of impact, tp is then calculated directly from Kepler's equation 











ty = to i a3/2 (uy -—e sin uy) (9.4.4) 
where 
/ Zz 
4—e° sin(®,-e@_) 
eee | I ° 
UE EE | 4+ e cos (0; = 98.) (9.4.5) 
(1/2 — - 8) ) @r/2— 8B) _1 [cosd +coso cos6 
“If 8, =0, then B (t) = [x/2— B, 3 | [30/2 =BI cos | one dat < cos” lyhe 0<B)< 2n, 
Pp 


unless 8= 1, in which case B (t) “§.* 1/2. 


In applying this formula 5), must assume the appropriate negative values in the fourth quadrant. (See eq. (9.3.6).) 
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By using this value of tp the colatitude, oy and the longitude, Th of the missile position at 
impact are obtained from equations (9.2.4) through (9.2.8). The velocity of the missile at im- 
pact, described by Vp @p By follows from equations (9.3.1), (9.3.4), and (9.3.7), respectively. 

To determine the time, position, and velocity at which the missile was launched, the above 
equations can be used in conjunction with ey, where 


Okcos  fijex . ’ (9.4.6) 


a 
= 0, + cos — | 


“ e 
In this calculation, the fact that the propulsion, i.e., non-ballistic, stage of the missile is not 
instantaneous is ignored. 

The generalization of these equations, needed to find the time, position, and velocity of the 


missile's intersection with a sphere of radius R, is obvious. 


9.5 RELATIONS BETWEEN SETS OF TRAJECTORY PARAMETERS 


The formulae developed in the preceding section are all in terms of the time independent set 
of trajectory parameters (a, e, 8» ty Bo 5,)- In this section, the time independent set will be 
derived in terms of other useful sets. This will enable the prediction functions to be calculated 
from estimates of the latter sets of parameters. 


9.5.4 Spherical Coordinate Parameters 


The time independent set of trajectory parameters is easily found from the set (a(t), a(t), 
r(t), Blt), a(t), i(t)). In particular, the equation of the plane of the missile trajectory relates the 
parameters 8,a, andr to Be and 5 


r cos a@ 


+r sing cos (B = 8.) = tan6, ‘ (9 5:80) 


(See Section 5.2 for a derivation of this equation.) Differentiating equation(9.5.1) leads to 


tan(8 — 6.) = r cosa ~ra(r + sina) (9.5.2)t 


rB cosa (i+r sina) 


and 

p,=@-tan’ {tan(g@—8,)} , -a/2<tan™ {}<a/2 . (9.5.3) 
Therefore, 

é. <tan”* 4-2ee a : eee ae (9.5.4) 


° 4+rsina 2 
4+ tan (B= Be) 


To obtain corresponding expressions for the parameters a ande, it is useful to first express 
the angular momentum, S and the initial speed of the missile, v,, in terms of both sets of 
parameters. By definition, 


L = p(t) x v(t) (9.5.5) 





*The dependence of B,a,r, etc. on time will be suppressed in the following discussion. 


P 6 : 
Tlf B= 0, then 6, = 0 and B, = B- Ta > where ps= i cosa—ra(r + sina). 
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P = Missile position at time t 
O =Radar site 
C = Center of earth 










= Unit vectors in directions of increasing r and a, 
respectively 


k = Unit vector in direction of increasing B. (k points 
out of plane of paper.) 


Cc 


Fig. 9.3. View of the plane determined by the missile position, the radar site, 
and the center of the earth. 


o s A 
N 
aa 
O,N = (See Figure 9.2) 
fe) C = Center of earth 
X,Z = Indicate directions of x and z coordinate 
axes. (The y axis points into plane of paper.) 
! 5 
i 

. Cc 


Fig.9.4. View of the plane determined by the radar site, the North Pole, and 
the center of the earth. 
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and from Figure 9.3 it is seen that 


p(t) X vit) = [rB cos“ a] +[-rB cosa(rt sina)]} + [ra(r+ sina)—7r cosa] k (9.5.6) 


a % is : : : é ; A 3 
where i, j, and k are the unit vectors in the directions of increasing r,a, and f, respectively. 
Hence, 


Lear e or cos’ a + [ra(r+sina)—r coal (9.5.7) 


where 
Bee 2 if 
P= ttre ter sine .. (9.5.8) 


From equation (9.3.1) it is seen that 





ai ee a +r a cos’ a =v. +2(5—4) : (9.5.9) 
Since 
az —, (9.5.40) 
2-v 
° 
and 
os a ae ae (9.5.44) 


the expressions for a ande in terms of (8, a,r, B, a, r) follow immediately. To find ey note that 


2 
p= peste tt rt ear eina]'/2 (9.5.12) 
° 
and 
e sin(@-@_) : 5 : 
pe Ons Hrtsinals rq@ cosa Y (9.5.13) 
Va(4 or) 
Therefore, from 
o=tan™ {y sind, tan(8—8,)} , 1/2<@< 30/2 (9.5.44)* 
and 
sin(@ — 0.) = 2 (9.5.45) 
sy ew eee wee (9.5.46) 
cos o as p spk 


es can be unambiguously determined. The equation for to is given directly by Kepler's equation 


t= t-a?/? (u—e sinu) (9.5.47) 
where 
ES V4 —e* sin(o - 9.) 
u= sin “t+ecos(O—6.) (9.5.48) 





*y = B/|B|. However, if B= 0, then 0= 1+ a 6, (see equation (5.2.3)). 
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9.5.2 Cartesian Coordinate Parameters 


From Figures (9.2), (9.3), and (9.4) it is found that 


xX = rcosa@ cosB (9.5.49) 
y =—rcosa sing (9.5.20) 
z=rsina . (9,5,20) 


Therefore, equation (9.5.1) can be written as 


x cosB, -y sinB, = (4 +z) tan 6, (9.5.22) 
Differentiating this equation yields 

x cosB. —y sinB, = ztand, : (9.5.23) 
From equations (9.5.22) and (9.5.23) it then follows that 


ke (PZ x * 
tanb, * sect a)y (9.5.24) 


where 


B-m/2gB <Bt+r/2 . (9.5.25) 


B is determined from (9.5.19) through (9.5.24), i.e., from 


con = ——— (9.5.26) 
Dee? 
x shy 

Sines Se ss, (9.5.27) 


noe* a2 y" 


To determine expressions for a and e, note that 
— ROD Sts ~ itty P SS ee é oom ee 
L=pXve=(yz—(z+14)y)it([z+1]x —xz) j + (xy —yx)k (9.5.28) 
where now t i and f represent unit vectors in the directions of increasing x,y, and z, respec- 
tively. Therefore, 


we = x? (y? + [2 tA) +H Oe? + [zt 11") + 22 (x? + 7) — 2 ck yy + [zt A] alk t yy) » (9.5.29) 


Since 


2 2 


vax ty tz (9.5.30) 


a and e follow directly from equations (9.5.9) through (9.5.11). oF and ty can be determined © 
from equations (9.5.14) through (9.5.16) and Kepler's equation in conjunction with 


pee 37" 4 say (9.5.34) 


and 
p=5 (xi tyyt(zt4)2). (9.5.32) 


*If xy — yx =0, i.e., if §9=0, then Bp =B—7 €/2 1El, E=(1 +z) (xx + yy)— (x + y?) z. Ifx =y =0, then 
By =B— 1/2 and B is found from (9.5.26) and (9.5.27) with x and y replaced by x and y, respectively. 


TS 

















TT',O,N = (See Figure 9.2) 


L = Intersection with earth's surface of line 
from center of earth in direction of 


3- 312-3858 


. missile angular momentum vector 
OD =6 
° 
a oe 
OL = 8 
LD =1/2 


(The arrowhead indicates missile 
direction of motion.) 


(All arcs represent great circles) 


Fig.9.5. View of the surface of the earth. 


9.5.3 Polar Coordinate Parameters 


In view of the above, the calculation of most of the time independent set in terms of (p(t), 
p(t), O(t), A(t), Bo 5.) follows by inspection. Thus, from 


L=p*6 (9.5.33) 


and 


mae (9.5.34) 


v" = Ng + 2 
the expressions for a, e, 85 and to follow from equations (9.5.9) through (9.5.14) and equations 
(9.5.45) through (9.5.48). 


9.5.4 Alternative Time Independent Parameters 


Another useful set of time independent parameters, not introduced previously, is 
CL; Wa» 85 to BY 63). The first two members of this set are related to the corresponding mem- 
bers of the other time independent set by equations (9.5.10) and (9.5.41). The third and fourth 
elements of both sets are identical. The fifth and sixth members of the set introduced here 
describe the orientation of the angular momentum vector of the missile. (See Figure 9.5.) From 


an examination of the two possible directions of motion of the missile, it follows that 


el ed ot. a el ee a a ek (9.5.35) 
6, Stet =afeho 2) SOs # (9.5.36) 

and 
y= (65 —10/2)/|65—2/2| (9.5.37) 
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PART II 
ANALYSIS OF RANDOM ERRORS IN PREDICTION METHODS 


CHAPTER I 
GENERAL DISCUSSION OF ERROR ANALYSIS METHODS 


14.1 INTRODUCTION 


In Part I, methods for estimating characteristics of a ballistic missile trajectory are de- 
scribed. The estimates are based on radar measurements of the missile. Since these radar 
data are assumed to be samples of a random variable with a partially known distribution, the 
resultant estimates are also random variables and will have a non-zero probability of being 
in error. The distribution of these errors is clearly a function of the estimation method. 

One important purpose of an error analysis, therefore, is to judge the relative merits of 
various prediction methods by comparing certain aspects of their corresponding prediction 
error distributions. As mentioned previously, the criteria for comparison are largely ar- 
bitrary. The possible criteria selected for the present situation discriminate between estimators 
on the basis of either the area of the impact point prediction error ellipse or the volume of the 
spatial position prediction error ellipsoid. In principle, these two means of comparing estimators 
are not identical, but in practice they are not expected to prove very different.” 

By considering the complexity of even the simplest prediction methods proposed, it is seen 
that closed form expressions for the error ellipses and ellipsoids are not easily found — if, 
indeed, such forms exist. This fact necessitates the use of approximation methods to carry out 
the error analyses. Several of these are discussed in the following sections. 

Besides distinguishing between estimators, there are other practical functions which an 
analysis ‘of the random prediction errors can perform. These functions are: 

(4) The determination, for a given prediction method, of the necessary 


accuracy of radar measurements to obtain desired prediction accu- 
racies; and, conversely, 


(2) The determination, for a given prediction method, of prediction 

accuracies implied by given standard deviations of noises corrupting 

the radar data. 
It is also of interest to make these determinations for observations of missiles traversing var- 
ious trajectories and for different radar configurations.* In this way the limitations on predic- 
tion accuracies caused by particular trajectories and particular radar configurations can be found. 

To date, the main emphasis has been placed on obtaining from the error analysis quanti- 

tative results to perform the functions outlined in the above paragraph. The ML method has 


been used as a basis for the analysis since this method is probably the most accurate so far 





*Note also that these criteria are functions of the radar configuration, the (true) trajectory parameters, and the 
noise distribution. It is, therefore, conceivable, though not likely, that for one set of circumstances a given 
prediction method will have a smaller error ellipse than that of another method and vice versa for a different set 
of circumstances. 


T By radar configuration is meant the location of the radar site and the type of radar employed, e.g., tracking, 
track-while-scan, multiple-beam planar-scan, etc. 
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proposed. Graphs illustrating some of the results already obtained are presented in Chapter V. 
In most cases the impact point prediction is considered, and, asa representation of the predic- 
tion accuracy, the principal axes of the error ellipse are used. (It is felt that these quantities 
give a more easily understood description of the physical situation than the area of the ellipse.) 

Very few comparisons have as yet been obtained between different estimation methods for 
the various trajectories and radar configurations. Also, only one calculation, for a particular 
trajectory and radar configuration, has been made of the volume of the minimum ellipsoid (see 
Part I, Section 1.3). The results of this calculation, along with the estimator comparisons, are 
presented in Chapter V. 


1.2 DESCRIPTION OF METHODS 


For the actual implementation of the analyses of random errors, two basically different 
approaches have been adopted. One involves the use of linear approximations and the other the 
use of scatter diagrams. Both are discussed in the following two sections. The former is used 
in the description of the error analyses of the ML method and one minimum data method. The 
latter approach is illustrated for the two deterministic prediction methods outlined in Part I. 
The error analysis of the restricted estimation method is deferred until Chapter vu." 

In all the analyses the model for the radar-trajectory system outlined in Part I is employed. 
The systematic errors included in this model, while affecting the actual prediction, do not sub- 
stantially affect the error analyses. 


4.3 THE LINEAR APPROXIMATION METHOD © 


Linear approximations are of use in error analyses if the true parameter values are known 
and the prediction errors are small. Then the various functions that enter into an explicit anal- 
ysis can be expanded in Taylor series about the values of the true parameters and the second and 
higher order terms neglected. This constitutes the linear approximation. The major limitation 
of this type of approximation results from the difficulty in determining the error introduced in the 
analysis due to the neglect of the remainder in the Taylor series. Consequently, the range of 
validity of the linear approximation is not easily established. On the other hand, the advantages 
of using such a linear analysis are twofold. Firstly, this analysis is easier to carry out. 
Secondly, the linear approximation enables the error analysis to be performed independently of 
the actual implementation of the corresponding prediction method. 


1.3.4 An Error Analysis of the Maximum Likelihood Method 


The maximum likelihood method as applied to trajectory parameter estimation has been 
described in Part I. A general discussion of the linear error analysis of this method is presented 
in this section, while a more complete description is contained in Chapter II. 

The object of the analysis is to study the distribution of errors in the predictions and, 
in particular, to determine the error ellipse associated with impact point prediction and the er- 
ror ellipsoid associated with prediction of spatial position. To accomplish these purposes 





*Analyses of the least squares estimation methods have not been performed. 
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the distribution of parameter errors is calculated first. As is mentioned above, the missile tra- 
jectory is assumed known. Its parameters are denoted by al, Therefore, with a particular set 


of noises, n, present, the radar measurements will be 


(0) 


y = x(a ty¢n=ylal nt). (4.3.4) 


Processing this data via the ML method then leads to an estimate of the "most likely" trajectory 


parameters for this situation. This set is denoted by a = ala!) n). 


a, which is the difference 
between the estimated parameters and the actual ones, represents the parameter errors and can 
be found explicitly from the likelihood equations. The essence of the linear error analysis is the 
assumption that these equations can be approximated satisfactorily by linear ones whose solution 
relates the parameter errors linearly to the noises. This approximation is expected to be valid 
for cases in which a and the standard deviations of the noises are sufficiently small. (Note that 
in the absence of noise, the likelihood equations yield the true parameter values.) In virtue of 
the assumed distribution of the noise, that of the parameter errors in this approximation is 
multivariate gaussian with zero means. The corresponding distribution of errors in predictions 
is found by expanding these errors in Taylor series in @ and retaining only the linear terms. 
This means that the prediction errors are related to the parameter errors by a linear trans- 
formation and that their distribution is also multivariate gaussian with zero means, 

For the case in which the prediction functions describe the impact point (or spatial position) 
of the missile, the error distribution of these points is used to determine the error ellipse on 
the earth's surface (or the error ellipsoid in space). The true impact point (or spatial position) 
will lie at the center of this ellipse (or ellipsoid). The ellipse is actually a contour of constant 
probability density and, by definition, the lengths of its semi-axes coincide respectively with 
the rms values of the components of the prediction errors along these axes” The probability 
that a sample prediction point falls inside the ellipse is approximately 0.40. For an ellipse with 
axes twice and three times as large, the probability of a prediction point falling inside increases 
to 0.86 and 0.99, respectively. The specification and interpretation of the spatial error ellipsoid 
are similar. The main difference is that for the error ellipsoid the corresponding probabilities 
are 0.20, 0.74, and 0.94. 

In addition to the above, it would also be of interest to 

(4) Consider an error ellipse (or ellipsoid) which is centered about the 
predicted position, and 
(2) Find the associated conditional probability that the true position lies 
within this ellipse (or ellipsoid). 
Unfortunately, such probabilistic statements are only meaningful when the parameters themselves 
are random variables. (See Part I, Section 1.4.) In this case, if the a priori parameter proba- 
bility density is constant over the range of interest, then the error ellipses (or ellipsoids) can be 


considered from the point of view of either the true position or the predicted position. If, further, 


the linear approximation is valid, the probabilistic interpretations will be the same for both cases. 


*Note that the standard deviation and rms values of a random variable only coincide when the random variable 
has zero mean. 
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In other words, the conditional probability that, given a true position I, the predicted position will 
lie between ae and 1 a a’ is equal to the conditional probability that, given a predicted position I, 
the true position will lie between ik and ir + dl’. By considering the a priori probability assump- 
tion, this fact follows directly from Bayes theorem and the gaussian form of the parameter error 
distribution” (It is clear that this form is invariant to the interchange of the estimated parameter 
values, a, and the true values, al°),) 

In the general case, for which such statistical properties of the parameters can not reasonably 
be assumed, probabilistic statements concerning the true position for a given predicted position 
can still be made through use of the method of confidence regions i In this method a region is 
defined which is a function of the predicted position and which contains the true position with an 
arbitrary, preassigned probability, «. The size of the region is clearly a function of €. (Note, 
however, that for a given e, the region is still not a uniquely defined function of the predicted 
position. Many different regions can be found which will enclose the true position with the 
same probability.) 


4.3.4.4 Application of the Error Analysis of the ML Method to Single-Site Radar Systems 


The error analysis just described has been applied in detail for the following situation: An 
arbitrarily located radar system is considered from which measurements can be taken on a mis- 
sile traversing an arbitrary trajectory. The measurements are restricted to four types, namely: 
azimuth angle, elevation angle, range and range rate — with time as the independent variable. 
The measurement errors are assumed to be independent with zero means and known standard 
deviations. On this basis, the distributions of errors in impact point and spatial position pre- 
diction are explicitly evaluated. These are then used to find: 

(1) The impact point error ellipse and its orientation on the surface of the 
earth, and 
(2) The error ellipsoid, associated with the prediction of missile position 
as a function of time, and its orientation in space. 
For a complete description of these calculations see Chapter III. 

This application has been programmed for the M.I.T. digital computer, WhirlwindI. The 
program is designed to cope with up to five sets of measurements made by a planar-scan radar. 
Every set is taken at a different elevation angle and consists of one measurement of each of the 
four types. The standard deviations of the errors are fixed separately for each measurement 
type in any one calculation. The main results printed out by the program are either: 

(4) The semi-major axis, the semi-minor axis (both in n.m.) and the 
orientation (in deg.) of the impact point error ellipse; or 


(2) The three principal semi-axes (in n.m.) of the error ellipsoid and 
the orientation of the largest semi-axis. These are calculated for 
up to five different times. Also included is an associated time error, 
which gives some indication of the uncertainty in predicting the arrival 
time of the missile in a region of space defined by the ellipsoid. 





*See Cramer, op. cit., pp. 508 and 509. 
{See Cramér, op. cit., Chapter 34. 
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In addition to this, the program can also be adapted to calculate the launch site error 
ellipse* and to solve simple tracking problems. A tracking radar is here defined as one 
that takes many sets of equally spaced (in time) measurements over a relatively short total 
time interval. 

A detailed outline of the capabilities of this program and a summary of the results obtained 


from it are presented in Chapters IV and V, respectively. 
1.3.4.2 Application of the Error Analysis of the ML Method to N-Site Radar Systems 


The error analysis of the ML method has also been applied for configurations in which N 
arbitrarily located radars can observe the same missile. In this system each radar is allowed 
to take sets of measurements of the four different types enumerated in the preceding subsection, 
but the respective measurements need not be taken at the same time. (See Chapter VI fora 
more detailed description.) 


This application has not as yet been programmed for a digital computer. 
1.3.2 An Error Analysis of a Minimum Data Method 


The error analysis of the minimum data method to be presented is not a general approach, 
i.e., the in-plane and lateral impact (or launch) errors are calculated separately for the radar 
assumed to be located in the trajectory plane. However, in its area of competence, it is more 
easily applied than the previously described method. The linear approximation consists of ex- 
panding the impact point prediction functions in a Taylor series about the true impact point and 
neglecting quadratic and higher order terms. The explicit prediction method is thereby by- 
passed; only the approximate expression for the error is needed. 

The minimum data method considered is for the situation in which two measurements of 
(spatial) position are made with time as the independent variable. The time is assumed 
known exactly. Each position measurement includes an azimuth angle, elevation angle, 
and range measurement. (Together these six scalar quantities constitute an acceptable set of 
minimum data.) Since the radar is assumed to be in the trajectory plane, the in-plane error 
will only depend on the elevation angle and range errors. Similarly, the lateral error will only 
depend on the azimuth angle errors. The in-plane error can be expressed in terms of the 


appropriate measurement errors as 
a. ote al t 
AI = 2 be 8 4d tee da,) (4.3.2) 


where I is the impact point of the missile expressed as a function of the six measurements. If 


the measurement errors are independent, the standard deviation of the in-plane error is given by 
2 1/2 
Oise 22 ob \2 2 
= — ; a ‘ Be} 
oll.) {= (2) o(e,) + Com, va)|b (4.3.3) 


*The non-ballistic (propulsion) stage of the missile is ignored in this calculation. ‘ 


TIn general, the symbol AA denotes a particular error in the quantity A for a particular situation. This is in con- 
trast with the symbol o(A) which denotes the standard deviation of the random variable A. 


"9 


where o(r;) and o(a;) are the standard deviations of the errors in range and elevation angle 
measurements, respectively. The expression for the standard deviation of the lateral error in 
impact, o(I,), can be calculated in a similar manner. 


were carried out to determine the above impact error standard deviations for a few radar con- 
figurations. The results agree quite well with the corresponding ML error analysis calculations. 
The discrepancy is in no case greater than a few per cent. (See Table 5.4 in Chapter V for an 


explicit comparison.) 


14.4 THE SCATTER DIAGRAM METHOD 


: 
This method was not programmed on a digital computer. However, numerical computations 
The scatter diagram or Monte Carlo approach to error analyses has the main advantage of 
giving a true representation of the distribution of errors concomitant with a prediction method — 
provided that enough scatter points are obtained. In principle, the method is free from any | 
approximations. The distribution of errors is determined through direct use of the estimation 
procedure. For a set of radar measurements, which is found by using a sample of the distribu- 
tion of measurement errors, application of the prediction method leads to a value of the 
prediction function.* This value corresponds to a "point" in the scatter diagram. (The error 
associated with this value of the prediction function, i.e., with the point in the scatter diagram, 
is simply the "distance" from this point to the true (errorless) prediction point.) The collection 
or ensemble of prediction values, one corresponding to each sample of the measurement 
error distribution used, constitutes the scatter diagram. The distribution of the sample of pre- 
diction errors is determined by this diagram. T The dimensionality of the diagram will be equal 
to the number of independent scalar variables which describe the prediction function. For ex- 


ample, the prediction of the impact point on the surface of the earth involves two scalar variables 


and the corresponding scatter diagram is two-dimensional. 

The generality of this approach lies in the fact that for any (generated) distribution of meas- 
urement errors the actual distribution of prediction errors corresponding to it can be inferred 
from the scatter diagram in the limit as the number of sample points approaches infinity. 
Explicitly, it can be shown that the distribution of the sample converges in probability to the dis- 
tribution of the random variable from which the sample is obtained. ** Therefore, if, for example, 
a gaussian distribution of measurement errors with pre-selected standard deviations is obtained 
from a random number generator, the corresponding distribution of the prediction errors, includ- 
ing any desired moments, can be determined from the scatter diagram, It might also be noted that 
for the prediction of impact on the earth's surface, the distribution of the scatter diagram points 
is not expected to have the same form as that of the measurement errors since the equations of 
the prediction method are not linear. The difference will be especially pronounced for large 


measurement error standard deviations. 





*In practice, the sample can be obtained from a suitable table of random numbers, or from a pseudo-random 
number generator programmed on a computer. 


+ Cramer, op. cit., p. 325: 


**Cramér, op. cit., p. 327. 
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The above statements are predicated on the assumption that the scatter diagrams will con- 
tain an essentially infinite number of sample points. However, in practice only a finite number 
of points will be obtained. The accuracy with which the distribution of the sample, for a finite 
number of sample points, represents various aspects of the distribution of the corresponding 
random variable is in general unknown. In certain cases (crude) estimates of reliability can be 
obtained by making non-critical assumptions about the (unknown) distribution. A discussion of 
these possibilities is included in Chapter V. (In this connection it should also be pointed out that 
Monte Carlo techniques can be of use in reducing the number of sample points needed for a given 
reliability.) 

In addition to the difficulty described in the preceding paragraph, there is one other draw- 
back to the scatter diagram method: the prediction method must be fully developed before the 
error analysis can be performed. This is in contrast to the linear approximation scheme dis- 
cussed earlier, which does not use the prediction method explicitly, and thus enables the error 
analysis to be carried out independently of the implementation of the prediction procedure. 


1.4.4 Error Analysis of Deterministic Methods 


The scatter diagram method has been used to perform error analyses of the two deterministic 
prediction methods discussed in Part I, Chapter VII. These analyses were done with the Whirl- 
wind I computer and used 100 sample points each to estimate the impact point error ellipses for 
various radar-trajectory configurations. Representative results are presented graphically in 
Chapter V. 
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CHAPTER II 
AN ERROR ANALYSIS OF THE MAXIMUM LIKELIHOOD (ML) PREDICTION METHOD 


2.4 INTRODUCTION 


In this chapter a general, linear error analysis of the ML prediction method is developed. 
(The contents of the ML method description given in PartI, Chapter Il, are assumed known.) 
The analysis includes a determination of the probability density of parameter errors and of pre- 
diction errors, as well as the calculation of error ellipsoids. The prediction errors, due to 
incorrect assumptions regarding standard deviations of the noises, are also investigated. Finally, 
the effects on accuracy of increasing the number of measurements made on the missile system 


are discussed. 


2.2 PROBABILITY DENSITY OF PARAMETER ERRORS 


Since the prediction functions depend on the trajectory parameters, the distribution of 
errors in these parameters is evaluated first. For this analysis the trajectory of the missile, 
upon which measurements are made, is assumed known, The corresponding trajectory Ugedipaage: 


(o) . 


eters are denoted by a’ ’. Thus, for a given set of noises, n, the radar measurements will be*™ 


y = x(a!) tn=ylaln) . (2.2.4) 


From these measurements, estimates of the trajectory parameters, denoted by a, can be found 
by using the ML prediction method. The difference between these estimated parameters and the 


actual ones represents the parameter errors, @. 


(a0) 


,n)—a  , (2.2.2) 


Clearly, the set a is completely determined by the trajectory and the set of noises. 
For an explicit determination of the parameter errors, as functions of al? 0) and n, the set 


of six, non-linear, simultaneous equations given in Part I, equation (2.5.1), must be solved, viz. 
= -1 
f(a) = X(a) N ~ [x(a) — y] = 0 


Kay N7* [x(a) - x(a!) —nj=0 . (2.2.3) 


In general, these equations cannot be solved in closed form. Therefore, an approximate, 
closed form solution is desirable. To determine a useful approximation, expand both x(a) and 
Ra) about al) in a Taylor series with a remainder. Then, 

x(a) = x(a!) + x(a!) @ + 4/2 (Gy)? x(a) + efa—al) (2.2.4)t 


where the indicated argument of x in the last term is an abbreviation for 


(0) (0) eae pn 
a; + O(a; — a; Meng 0<O;<1 3 i=74) +6 





*To simplify the formulae in this chapter, time dependence is not indicated. 


**M, the number of measurements, is assumed large enough so that the set A) can be uniquely determined 
from the set x. ? 


Note that (ay) is the scalar operator E a; a é 
i=] i 
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Ka) = Ka) + (av) Kal + oa—al) , ocer<t, ist-6 . — (2.2.5) 


Using these expressions and equation (2.2.3) leads to 





Heal wo? xial @ = Kal) no* n+ { [Evy Kal + or(a - al] wot [nn — x1al a] 


=1/2K(a) wt (av)? x(a") + ofa — a'))} (2.2.6) 


From this it is seen that the term in curly brackets is a quadratic form inn and a. Therefore, 
it is expected that when both the parameter errors and the corrupting noises are small this 
term can safely be neglected. An actual quantitative estimate of the error incurred by dropping 
this term was not made as a knowledge of the second derivatives of the set x with respect to the 
parameters is required. (For the radar measurement types usually considered, the calculation 
of these derivatives would be extremely tedious and would involve an inordinate amount of time.) 
However, a qualitative judgment, based on the nature of the functions involved and the param- 
eter region of interest in the missile problem, indicates that the values of the second derivatives 
will not be such as to invalidate the approximation. 

To solve the resulting linear equations, 


Ka" w7t x(a!) @ = Kal wntn (2.2.7) 


note that for M > 6 the number of columns in 4 exceeds the number of rows, and, hence, x has 
no left inverse. This conclusion follows directly from a theorem of linear transformation theory 
which says, in effect, that a given vector space cannot be mapped linearly onto a higher dimen- 


sional vector space. Therefore, it is necessary to introduce the square matrix, J, 


T= Kal wt x(a), (2.2.8) 


which does have an inverse for M > 6 provided that the set x determines a missile trajectory 
uniquely. (This point is discussed in greater detail in Section 2.6.) With the use of the J matrix, 
equation (2.2.7) can now be solved immediately for a, 


a = oa) Fal wtn (2.2.9) 


This solution shows that the parameter errors are related to the noises by a linear transforma- 

tion. It then follows that the a, like the n, will have a multivariate gaussian distribution with 
* 

zeromeans. The moment matrix, A 


ri) 


of this distribution is just 


Azsaa=J*EN ‘naw ixstes' , (2.2.40) 
since by definition 
nn=N-N . (2.2.44) 





*The probability density of the noises is assumed to have the characteristics described previously in Part I. 
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In terms of A, the joint probability density of the parameter errors can be written as 


4 


Jam?! al 


2.3 PROBABILITY DENSITY*OF PREDICTION ERRORS 


4 


p(@) = exp[-1/2@A™° a] . (2.2.42) 


The joint probability density of prediction errors can now be calculated by using 
the above result for the density of parameter errors. To accomplish this, consider a set of q 
prediction functions (q is an arbitrary number). This set will be denoted by the q component 
column matrix s(a). The corresponding column matrix of the errors in the predictions 


will be given by 


g=sla)—s(a) (2.3.4) 


This expression can be linearized with respect to the parameters in the same manner as 
equation (2.2.3). Thus, 


a Zs(a) @ = g(a 37? Kal) wetn , (2.3.2) 


where 


3(a') = Vs(a) (0) 5 $.. 5.5 5 ef=deelg, gad 46. (2.523) 


aa 


Such an approximation to the prediction errors will be valid if s(a) is a suitably well 
behaved function and if the parameter errors are sufficiently small. A quantitative estimate of 
its accuracy is given in Chapter III, for a specific case. 

As seen from equation (2.3.2), the prediction errors are related to the noises by a 
linear transformation. Therefore, the distribution of o, like that of a, will be multivariate 
gaussian with zero means. The moment matrix, Z, of this distribution is given by 


s (2.3.4) 
and the joint probability density itself by 


4 -1 


p(a) = exp[-1/2¢Z7° a] . (2.3.5) 


(2m)71 51 


The moment matrix, =, is in general not diagonal. However, if an appropriate orthogonal 
transformation is made, a representation will be esas for which the transformed functions, 
g', will have a moment matrix, Z', which is diagonals The advantage of this representation is 
that the components of the o' matrix will be statistically independent. The transformation can 
be expressed mathematically as follows. Consider an orthogonal matrix, T, such that*” 





*Since Lis a real, symmetric matrix it can be diagonalized by an orthogonal transformation. 


**The matrix representation of an orthogonal transformation, T, has the property that T= Lie aie 
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a 


eam 


a 





=TZ2T (2.3.6) 


is a diagonal matrix. Then if o' is defined by 
- aie a (2.3.7) 


it follows that 


To=od oc , (2.3.8) 
and the original probability density [ equation (2.3.5)] can be written as 


4 4 


p(a') = exp[—4/2a(z')"* ot]. (2.3.9)* 


(2n)% |=" 
The new moment matrix, Z', can be determined explicitly from the solution to the secular 
equation 


(eB —-av* 4,20 , (2.3.40) 


where 1 is the unit matrix of the same orderas 2. The eigenvalues, a, i=1->q, of this 
equation constitute the non-zero elements of the new, diagonal, moment matrix, Z'. Further, 


to each of these eigenvalues, there will correspond a a' which satisfies 


Zo'=avg' , (2.3.44) 


These a 's (there are q of them) are called the eigenvectors of = ** In the transformed system, 
the rms values (standard deviations) of the statistically independent a; 's, i=1-~q, are just 
the square roots of the corresponding diagonal elements of 2. 

To understand more clearly the above transformation, note that the elements of every 
column matrix can be considered as the (cartesian) coordinates of a vector in the q-dimensional 
space of prediction errors. These elements are, in general, not statistically independ- 
ent. However, by a suitable rotation of the coordinate system, i.e., by use of the appropriate 
orthogonal transformation, a new set of coordinate axes can be obtained such that in this new 
system the components (elements) of prediction error vectors (column matrices) are 
statistically independent. (This whole procedure is analogous to the determination of the 


principal axes and principal moments of inertia in classical mechanics.) 


2.4 CALCULATION OF ERROR ELLIPSOIDS 


In principle, the joint probability density p(g) contains all the information obtainable from 
this error analysis of the maximum likelihood estimate of the values of prediction functions. 
However, since p(c) is multivariate gaussian, it is sometimes more convenient to present the 


results in terms of error ellipsoids. These ellipsoids are in the prediction function space andare 





*Note that |Z'| =|T rT | =|T| |z| ha = |z| where |z'| = determinant (Z'). 


**For present purposes the magnitudes (or normalization) of these eigenvectors is irrelevant; only the directions 
of the o' are of interest. However, it might be noted that the normalized eigenvectors of Z wholly compose 
the T matrix. 
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centered about the true prediction point. They are particular members of the class of ellipsoids 
which are determined by contours of constant probability density. Thus, p(c) being constant 


implies that ¢ = ¢ is also constant and from 


F 27 o = (Bla) — Bal] Bf sla) — sla] = &? (2.4.4) 
it follows that each real constant, -: defines an ellipsoid in the prediction function space 
centered at sta"). The lengths of the principal semi-axes of these ellipsoids are equal to kA, 
where the a;'s are determined from the secular equation (2.3.40). The direction of each Aj axis 
is that of the corresponding eigenvector. [See equation (2.3.11).] The particular value k=1 defines 
what have been termed the error ellipsoids. The significance of the error ellipsoids and, more 
generally, ellipsoids corresponding to any value of Kk, depends on their probabilistic interpre- 
tation. For each ellipsoid there is a definite probability that a sample prediction point will lie 
within the ellipsoid. This probability is obtained by integrating the probability density, p(c), 
over the volume of the ellipsoid. Further, it should be noted that the probability is a function 
only of q, the dimensionality of the prediction function space, and k, the ratio of the principal 
semi-axes of the ellipsoid to their corresponding A's. Analytically, if this probability is 
denoted by P(q,k) then 


P(q, k) = 5 pia)do (2.4.2) 


ellipsoid of semi-axes 
ICA jie oo A 
4 q 


Substituting from equation (2.3.9) with a = nr? gives 





4 q (i?) 
P(q, k) = ce -aatite ie, * exp|—1/2 = x | do : (2.4.3) 
(27) rae oeky ellipsoid i=4 Aj 


To evaluate this integral, let r, = 05/2; i=14-q. Then 


q 2 > 
P(q,k) = exp |-1/2 to ry dr : (2.4.4) 
l= 


aah ie 
q/2 

(27) sphere of radius k in 

q-dimensional space 

Changing to spherical coordinates and using the (well-known) formula for the area of a hyper- 


sphere in a q-dimensional space leads to the equation 


k 2 

2 . = 

P(q,k) ghee pees om iy exp Ba rt-t ar =, LT =Gammafunction . (2.4.5) 
2V* Tq/2) Yo 


This integral can be put in the form of an incomplete Gamma function which is tabulated for 
many values of qandk. (See Section 5.7.2.) 


eye Sed 
*Note that setting k” = q + 2 defines the ellipsoid of concentration for a q-dimensional random variable. ° 
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In the case of the three-space ellipsoid, the equation reads 


2 4 
Pi is hee Fy at arte (2.4.6) 
N27 N2n “-k 


As already stated in Chapter I, the probability that a sample prediction point falls within an 


ellipsoid whose axes are 1, 2, and 3 times the rms values of the principal prediction errors, 


o} , are found to be 0.20, 0.74, and 0.94, respectively. For the two-dimensional error ellipse, 


the formula is 


2 
Pike se (2.4.7) 


and with k= 1, 2, and 3 the results are 0.40, 0.86, and 0.99, respectively. These formulae, 
of course, can also be inverted to yield values of k corresponding to given values of P. 


2.5 EFFECTS OF ERRORS IN THE NOISE MOMENT MATRIX 


In practice, the probability density of the measurement errors (noises) is not known pre- 
cisely. While the assumption of a gaussian form for the probability density is perhaps a good 
one, the moment matrix assumed on the basis of a paper study may be substantially different’ 
from the actual one of an operating radar.* This use of an incorrect noise moment matrix will 
then cause an additional (systematic) error in the estimation of parameters and values of prediction 
functions. In particular, the parameter error moment matrix calculated in Section 2.2 using 
the correct noise moment matrix will be different if an incorrect noise matrix is used in the 
estimation procedure. This difference in the two parameter error moment matrices will be 
calculated below. The difference in the corresponding moment matrices of the prediction er- 
rors is then obtained immediately from equation (2.3.4) since S is independent of N. (Note that the 
ML method can also be used with the elements of the measurement error moment matrix con- 
sidered as unknown parameters and estimated along with the trajectory parameters, However, 
it is doubtful that for present purposes such a procedure is warranted.) 

If the assumed noise moment matrix is denoted by N' and the actual one by N, the calcula- 
tion leading to equation (2.2.10) shows that the parameter error moment matrix, A', derived from 


N', is given by | 
BST) CN) IN (Ne (S") : (2.5.4) 


| 
( 
where | 
| 


(2.5.2) 
With AN representing the error in the assumed noise moment matrix, N' can be written as 


N'=EN+AN , (2.5.3) | 


ee EE Ss ee Ee 
*In this section the means of the measurement errors are still assumed to vanish. It would also be of interest to | 
carry through a similar calculation without this assumption. | 





TAlthough Part II is supposedly devoted only to an analysis of random errors, it is felt that this particular sys- 
tematic error can be more appropriately treated in Part Il than in Part III. 
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whence by using the matrix analog of the binomial expansion, the following formal expression 


is obtained 


ont =nt_wtann +n tann an nt. 





°o n 
=n" [: + 2 CANN") | i (2.5.4)" 


(This equation is readily verified formally by noting that nunty7? =1.) Similarly, it can be 


shown that 


°o n 
(a1) =st[a4 a | ; (2.5.5) 
n=1 


where 


<n 2 -ANN YX .. (2.5.6) 


In terms of these expansions, the change in the parameter error moment matrix, due to the use 


of N' instead of N in the ML method, is 


AAzA'-A 
°o 4 °o n °c 2 
=I" {{1 + z (Sn? = pany ty xs) |ex‘[1+ = (-AN n-| 
=4 =f n=1 
4 °o = ° n 
xe 2° [1+ z (-Zn* z ean ny x at) |- a} ; (2.5.7) 
n=4 m=1 


If the norm of the matrix (AN n7+) is sufficiently small, i.e., if AN is small compared with N, 
then the lowest order, non-vanishing term (in AN) of equation (2.5.7) will yield a good approximation 
to AA. However, to first order inAN, it is easily seen that 


-1 


un 274 


xo'Xnwtann xg '*=0 (2.5.8) 





*A sufficient condition for the convergence of this expansion is that || AN Nv! x\| <1 for every normalized 
M-component vector x. (Note that AN N7! is a matrix of order M.) 


**The superscript (n) on AA indicates the nth order term in the expansion of AA in powers of AN. 
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— <<“ --. a ae 


since, by definition, 


oe ad} (2.5.9) 


If the calculation is extended to second order in AN, the result obtained is 


4 4 


Ee Mil Jee ee s -4~ = &. = * 
aan aa’) = 5? fw t anna xs Ew yann txt (2.5.40) 


7 

Under the assumption stated above, this equation is then the dominant term in the expansion of 
4A. It must be remembered, however, that the expression for A, equation (2.2.10), represents 
only the first term of an expansion, in powers of a, of the actual parameter error moment 
matrix of the maximum likelihood estimation method. Therefore, equation (2.5.10) might not be a 
meaningful representation of the change in the actual parameter moment matrix due to the use of 
N' in the ML method. Without a more detailed analysis of higher order terms, it can only be 
said with surety that, to first order in a and in AN, the moment matrix of the parameter errors 
and the moment matrix of the prediction errors are independent of AN. 

For situations in which ANis not small compared withN, the expansion given in equation (2.5.4) 
will not be useful and in many cases it will not even converge. In any event, the effects on pre- 
; diction errors due to the difference between N and N' can always be obtained by using the scatter 
: diagram technique.* For this application, the distribution with the correct noise moment 
matrix, N, is used to generate the measurement errors, whereas the assumed moment matrix, 
N', is used in the likelihood equations. 

In closing, note that for certain special cases it can be seen immediately that use of an 
incorrect noise moment matrix will have no effect on prediction errors. For example, if each 
measurement type has no parameter dependence in common with any other measurement type, 
the estimates of parameters will be independent of N' and hence of an.t (Minimum data pre- 
dictions are a special case of this.) Also, if 


AN=eN , (2.5.44) 


where ¢€ is any constant, then the parameter estimate will be the same for every value of e. 





*Note that this expression does not vanish if the number of measurements exceeds the number of parameters 
since the matrix, X, has no right inverse in this case. Hence, the equation 


4eXS Ka ee Fe ex anes ele 


is not valid if the data is redundant. For situations in which only minimum data is obtained, the ML estimate 
of the parameters will be independent of the assumed noise moment matrix. The change in the true parameter 
error moment matrix, due to use of N' in the analysis, will then vanish identically. 


**The linear error analysis described in the preceding sections can also be adapted to determine these effects 
by using the matrix A' instead of A in the et oe However, an examination of equation (2.5.1) indicates that 
this procedure involves considerable matrix multiplication and is probably unwieldy. 


Tit is assumed in this statement that the measurement errors are independent and that the standard deviations 
of all measurements of a given type are identical, even if unknown. 
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2.6 EFFECTS OF ADDITIONAL MEASUREMENTS 

A deeper understanding of the formalism in Sections 2.2 and 2.3 can be gained by consider- 
ing the special case of independent (uncorrelated) measurement errors, In this example N is 
diagonal, Therefore, the J matrix can be expressed as a sum of matrices. 


da ee J n'*m) ; x = x(a (2.64) 


m=14 
Each matrix a is a function of a single measurement. In other words, the J matrix for a 
number of measurements is equal to the sum of the J matrices of the individual measurements. 
Further, each J is of the form of a matrix product of two identical gradient vectors. Thus, 


if the column matrices g., are defined by 


4 





8m ~ = vi med, (2.6.2) 
ne a=a!?) 
then J, can be written as 
ge Eg a (2.6.3) 


Matrices of this form are easily shown to be singular, and, in fact, of rank one. Now, the rank 
of the resultant J matrix will be increased by one with the addition of each J matrix provided 
that the vector g is linearly independent of the preceding gy 8 Of course, when the number 
of independent &m'8 is equal to the number of parameters, the J matrix will be non-singular; 

its rank will equal its order. The set of 8m Vectors will then es a subset which spans the 
parameter space, i.e., which forms a basis of this vector space. Since the g..'8 are propor- 
tional to gradients of the X'S: clearly the corresponding subset of gradients of the x,'8 is also 
a basis for the parameter space. It then follows that the X'S whose gradients form a basis, 
are an acceptable set of parameters at least in the neighborhood of al), These x, '8 will 
uniquely specify the missile trajectory if its parameters are in the neighborhood of Pe ia 





*The parameter space is considered as a six-dimensional Euclidian vector space. Each vector in the space 
corresponds to a possible trajectory and the components of the vector are the trajectory parameters. Note, 
however, that the full space includes points corresponding to hyperbolic, parabolic, and circular trajec- 

tories as well as the subset corresponding to elliptical traiectories. (For a discussion of vector spaces, see 


Birkhoff and McLane, A Survey of Modern Algebra (The Macmillan Company, 1950), Chapter VII.) 
**To clarify this point, note that, for a given value of t, the equation 


Xp (Qrtg) = X qb) 


in general defines a surface in the parameter space. (a represents the variables.) The gradient of x7,(a, tm) is 
a vector in this space which is normal to the surface of constant xm(a,tm) at the point of evaluation, e.g., al), 
If there exist six linearly independent vectors of this type, corresponding to six different values of m, e.g., 
m= 1-6, these will be a basis for the space. (The vectors can be evaluated at the same or different values 


of t.) The six equations, Xm = X_,(a +, m = 1+6, can then be inverted uniquely to yield the set 
a) = (xy, Xon tty x,) and, hence, the Xm's will constitute an acceptable set of parameters for the tra- 


jectory a’, For reasonably well-behaved Xt), this analysis will be extendable to at least a small 


neighborhood about a) in which the corresponding functions x (Ar tn) will represent the trajectory parameters 
for the point (trajectory) a. 





ee 


In this connection, it must be noted that all the X'S are functions of t. Hence, the fact that, 
for particular values of t, some subset of the X'S forms a complete set of parameters in the 
vicinity of ale) does not necessarily imply that a subset can be found which will be a complete 
set for all values of t. Similarly, the fact that a subset of > er is a complete set of parameters 
near ale) does not necessarily imply that these x,'8 are a complete set in other regions of the 
parameter space. This is in contrast to some of the sets a introduced in Part I, which always 
constitute complete sets. The gradient vectors associated with these latter sets of parameters 
span the parameter space at all points in the space. 

In the limit of small parameter errors and small noises assumed here, the above indicates 
the connection between the existence of a solution to the physical problem and the non-singular 
nature of the J matrix. In general, however, if large parameter errors are allowed even the 
fact that the gradient vectors of the Xm'S span the parameter space at all points is neither 
necessary nor sufficient for the ML estimation method to lead to a (unique) prediction. Of 
course, for the cases in which the gradient vectors do not span the parameter space, any pre~ 
diction would be, a fortiori, meaningless. 

It is also of interest, in connection with the J matrix, to note the following: If, over a 
range of values of m, the &, are sufficiently well-behaved functions of m, then the sum over 
this range in equation (2.6.1) may be satisfactorily approximated by an integral. This situation can 
result, for example, from many independent measurements of the same type and with similar 


error distributions made at short, equal intervals of time. Then for p—£>> 1, 


Pe wh CP otal) y Hal) * 
S J. 5 Dug. po ee \ PP plas theta, t)dt (2.6.4) 
ry Mae es vc ea aa deine me 


where t, and ty are the times at which the #th and pth measurements were taken. 7T represents 
the time interval between measurements. The indicated integrations of the time dependent 
matrix are, of course, carried out element by element. 

If all the measurements can be included in such a sequence, the dependence of the prediction 
errors on the total number of measurements can easily be deduced. Thus, if M' measurements, 
instead of M, are taken over the same total interval of time, the integral in equation (2.6.4) will 
be unaltered. However, the time between measurements will be changed from 7 to T' = (M/M')r, 
and every element of the J matrix will be changed by the multiplicative factor, M'/M. Corre- 
spondingly, each element of a will be multiplied by M/M'. From equation (2.3.4) it is seen 
that the rms values of the prediction errors, a2, are equal to the square roots of sums of 
quantities each of which contains, as a factor, an element of ee Hence, if M'>M, the rms 
prediction errors are reduced by the factor VM/M', as could be expected. (This result also 
follows if the measurements can be divided wholly into sets of sequences of the type described 
for which the comparison time intervals between measurements in each sequence are the same 
for all sequences.) 





*A better approximation, especially useful for p— £ a small number, is given in equation (2.6.5). 


Ke 





The above discussion only applies in the limit in which M and M' are large numbers. For 
the cases in which there are only a small number of measurements made at equal intervals of 
time, a better integral approximation must be used to more accurately account for end effects. 
Thus 

t+7/2 
Pp Pp fish. Cee 


od Im = 2 Bm 8m = > 


4 gta!), +) gal, at. (2.6.5) 
m=s m=£ a t-1/2 a iat 


Now, suppose all the measurements M, where M is a small number, can be incorporated into 
such a sequence. Then the dependence of prediction errors on small total numbers of measure- 
ments can be determined as before with one important difference, Since the limits of integra- 
tion must remain invariant for the arguments to hold, the sets of measurements being compared 
must be taken over different total intervals of time. For example, if M' >M, then tT' <7 and the 
total interval of time spanned by M' measurements must be greater than that for M measure- 
ments. With this spacing, then, the rms prediction errors will again be reduced by the 
factor NM/M' . 

In using either equation (2.6.4) or (2.6.5), care must be exercised in ascertaining the validity 
of replacing the sum by the integral. It is not sufficient to compare the J matrix, formed from 
the integration, with that formed from the summation. Since the moment matrices of the pre- 
diction errors are proportional to So the comparison of the inverses of the J's is the 
critical factor in evaluating the approximation. (Note that the inverse of a matrix can be very 
sensitive to small changes in the elements of the (uninverted) matrix.) Thus, in an extreme 
case, even though element by element the two J matrices resemble each other closely, the 
inverse of one could be singular while the inverse of the other was non-singular. However, if 
the number of measurements taken is large and the total time interval of observation is not too 
small, these difficulties should not arise. 
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CHAPTER II 


APPLICATION OF THE ERROR ANALYSIS OF THE ML METHOD 
TO SINGLE-SITE RADAR SYSTEMS 


3.4 INTRODUCTION 


The linear error analysis, described in the preceding chapter, will now be applied:to the 
prediction of a missile trajectory from radar observations made at a single site. The types of pre- 
dictions considered are associated with the impact point, launch point, and spatial position of the 
missile as a function of time. The radar measurements for this analysis are restricted to the 
following four types: azimuth angle, elevation angle, range, and range rate. These are symbol- 
ized by 8,a,r, andr, respectively. Thus, the y and x introduced in the general formulation will 
refer only to these types. All measurement errors are taken to be independent and to have gaus- 
sian distributions with zero means and known standard deviations. The standard deviations of 
the errors in the above measurement types will be denoted by o(8), o(@), o(r),and o(r), respectively. 


3.2 CALCULATION OF THE PARAMETER ERROR MOMENT MATRIX 


The moment matrix for the distribution of trajectory parameter errors will be calculated 
first, as an intermediate step in the determination of the distribution of prediction errors. 
From equation (2.2.10) of Chapter II, it is seen that this moment matrix can be expressed as 


pat -41 


sie xi? (3.2.4) 


IR 
IR2 
" 

In 


In this expression, nt is the inverse of the (assumed) diagonal moment matrix of the noise dis- . 
tribution. Its diagonal elements are given by squares of the inverses of the a(8)'s, o(a)'s, o(r)'s, 
and a(r)'s. These standard deviations are assumed known. Therefore, in the determination of 
the J matrix, only X remains to be calculated. This matrix consists of the derivatives of the 
set x with respect to the trajectory parameters, a. If M measurements are taken, the set x | 
will consist of M quantities Xi i=17-M, M2 6* However, these will comprise only four dif- , 
ferent functions corresponding to the four different measurement types considered. The dupli- . 
cation of functions arises from the fact that x will contain elements corresponding to each of 

the many measurements made of each type. Therefore, to facilitate the discussion, an X' ma- 

trix will be considered which contains one and only one element corresponding to each parameter 

derivative of each of the four functions. This smaller X' matrix will then have four rows and 

six columns instead of the M rows and six columns of the X matrix. All the elements of the 

X matrix will be obtainable from X' by evaluation of the latter's elements at the appropriate 

values of the independent variable, t. For the explicit calculation of the X' matrix elements, 

the measurement functions will be expressed in terms of a convenient intermediate set of vari- 

ables, z. Thus 


ax. (a) 6 ox,(z) 92, (a) 6 
%'),; = aa, , 











Zi Ayy § i474, j=176, (3.2.2) 





*It is assumed throughout that the set x is sufficient to specify a trajectory uniquely. 
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TT' = Intersection of trajectory plane and earth's 
surface. (The arrowhead indicates missile 
direction of motion.) 


O = Radar site 
OD= 8, 


ON = Direction of North Pole 
Pr = (See Figure 3.3) 


OP, =6 
P{D = (a — 6) (See Figure 3.3) 


(All arcs represent great circles) 


Fig. 3.1. View of the surface of the earth. 


P = Missile position 


O = Radar site 
° C = Center of earth 
OP=r 
CP=p 





3- 312-3860 


c 


Fig. 3.2. View of the plane determined by the missile position, the radar site, 
and the center of the earth. 
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and in matrix notation, 
X'=ZA (3.2.3) 


The actual variables used in this equation are 


x4 =185 X,= a, X,=7, Fae 3 ‘ (3.2.4) 
a, =a, a, =e, ag = eo ag=to, ag = Bo, a .. (3.2.5) 
Z, =P, Zo = e, Zz =P, Z4= e, Z5 = Bo z= 5, 3 (3.2.6) 


The x,'s have been defined above. (For pictorial definitions, see Figures 3.4 and 3.2.) As stated 
in Part I, the geometrical interpretation of the other quantities can be given as follows: By and 
5, describe the orientation of the plane of the trajectory with respect to the radar. In particular, 
De is the angular inclination of the plane of the trajectory to the line from the earth's center 
through the radar site. (0< 558 1/2.) By is the orientation with respect to north of the great 
circle arc on the earth's surface which represents 54° (See Figure 3.1.) a and e represent the 
semi-major axis and eccentricity of the trajectory ellipse, respectively. ©, is the angle between 
the major axis of the trajectory ellipse and CD, which is the line in the trajectory plane from the 
center of the earth to the intersection of the arc 5, with the trajectory plane. (See Figures 3.4 
and 3.3.) ty represents the time origin of the system, i.e., time of the (theoretical) last passage 


D = (See Figure 3.1) 
C,P = (See Figure 3.2) 


Py = Intersection of line CP with the 
1 
earth's surface 


A = Apogee of trajectory 
CA = Direction of major axis of trajectory 
CP=p 





Fig. 3.3. View of the plane of the trajectory. 
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of the missile through perigee. p and © are the polar coordinates of an arbitrary point on the 
ellipse. (See Figure 3.3) Finally, 6 and © are the time derivatives of p and ©, respectively. 

From the definitions of Figures 3.4 through 3.3 and the well-known formulae of spherical 
and plane trigonometry, it can be shown that the expressions for the x, (z) are 


cf = ysin® cos®_+cos® sin8. sind 
B=6,tytan 1{ sano =sin 28 ee —1/2< tan7*{} <= (3.2.7)* 





me N4— cos” 8 cos” 6 
o 
@ = sin7 [= ails sc = “2] se tia geadeo 5 (3.2.8) 
r={1 er cos © cos 5, }1/2 ; (3.2.9) 
r= 4 {p(p+cos © cos Oye p® sin® cos 64} : (3.2.40) 


The relations between the intermediate variables, z, and the trajectory parameters, a, are given 
implicitly by the standard ellipse equations. 


t=t,+02/? (u-esinu) , (3.25445) 
/ ° as 
4-—e sin (6 — ©.) 
sinu = (3.2.42) 


1 +e cos(@ — 0.) : 


awe 
lai Gera cos (0-0, 2 2a) 


eae eee (3.2.44) 
z_+ ; 2: 
P Va(4 —e*) 


Na(4 =e") 
oe (3.2.45) 


By means of straightforward, albeit tedious, implicit partial differentiation, the elements of the 
Z and A matrices can be obtained. The results are given in Tables 3.1 and 3.2. For typograph- 
ical convenience the elements are expressed in terms of the parameter set, a. However, it 
should be understood that the evaluations are meant to be carried out for the set, al), [See 
equation (3.2.2).] Similarly, for convenience in numerical calculation, the matrix elements are 
expressed with 9, instead of time, as the independent variable** The relation between these 

two is given implicitly by equations (3.2.11) and (3.2.12). For an explicit solution, see Appendix A. 


*If & =0, 8 An, then B = B, + (1/2) (tan @/|tan 6|). If in addition the missile is directly overhead (5, = 0 
and 6 = m), then B is undefined and Table 3.1 is inapplicable. 


tThe quadrant determinations for this equation are discussed in Appendix A. 


*” Note that the form of many matrix elements can be simplified through a use of equation (3.2. 13). 
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Since both the X and — matrices are now known, the J matrix is, in principle, determined. 
For purposes of practical calculations, though, it is useful to express the J matrix in a different 
manner from that of equation (3.2.1). In analogy with equations (2.6.1) through (2.6.3) of Chap- 


(0) 


ter II, a set of column matrices z. Ceti t,) can be defined in which 


(o) ef 4 F Wyss Sy ie 
Sm (2 et) = Y x, (a, t;) > m=174, k=1-M 2 (3.2.46) 
2 
n (ty.) 


and also a matrix Me can be defined in which 


(3.2.47) 


The matrix ge (al), t) Zz. (al), ty) is the contribution to J of the kth specific measurement of 
the mth type. Since Min is by definition the total number of measurements of the mth type, 
each Jn matrix contains the contribution to J of all acy sh ni parce of the mth type. Clearly, 
in this case, the total number of measurements, M, is = M_. Therefore, the J matrix can 


be written as ms 


a2 . (3.2.48) 


For cases in which many measurements of each type are taken at equally spaced, short in- 


tervals of time, the sum in equation (3.2.17) can be approximated by an integral * 


gn (a!) tye, (al), ty at, (3.2.49) 





where 1/r corresponds to the pulse repetition frequency (prf) of the radar. To make the calcula- 


tions of the integrals easier, the variable of integration can be changed, e.g., 


gg dt = 
t otr/2y 


t+(7/2) Q(t, +7/2) 
P = Pp (so) 252 (o) do 

(a‘~’, 8) (a’°?,e) = (3.2.20) 

\ dee Em '@ Em ‘8 i) 


As in equation (2.6.4) of Chapter II, the indicated integration of the matrix is performed with 


respect to each individual element. 


3.3. CALCULATION OF THE DISTRIBUTION OF PREDICTION ERRORS 


The J matrix, calculated above, will be used in the determination of prediction errors. 
In particular, the error distribution involved in the prediction of impact point, launch 


point, and spatial position of the missile will be considered. The moment matrices for these 





*See Section 2.6. 
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prediction error distributions will be calculated separately. However, in all the cases the moment 


matrices are determined from the general formula of Chapter II, i.e., 


4 


1T2 


Zess 


(353549) 


The moment matrices will then be used to calculate the impact point and launch point prediction 
error ellipses as well as the error ellipsoid for the spatial position prediction. In addition, the 
prediction error, associated with the time of impact (or launch), and a time error, associated 
with spatial position prediction, will also be evaluated. 


3.3.4 Impact Point Prediction Errors 
3.3.4.4 Calculation of the § Matrix 


In order to perform the error analysis of the ML method of impact point prediction, it is 
necessary to determine the S matrix associated with an appropriate impact point prediction 
function matrix. For convenience, a prediction function matrix (vector) is chosen which de- 
scribes the predicted impact point in terms of the arc length, 5; and the orientation, By of the 
great circle between the radar site and the predicted impact point. (See Figure 3.4.) The pre- 
diction error, denoted by Al, is the directed distance along the surface of the earth between the 
true impact point and the predicted one. Therefore, with respect to the perpendicular great 
circle axes or?) and ur!°), the components of Al are clearly 1), and 1, For small errors 
these components can be approximated by 


Wh, so, 8-8) (3.3.2) 


(Oh, 72 © 6-8 oy) sind io) (3.3.3) 


O = Radar site 
ON 2 Direction of North Pole 
i(°) = 


True impact point 


(0) - 
On” = . (c) 


| = Predicted impact point 
Ol = 5) 
Ai = Impact point prediction vector 


, = s;(2) ae s (2°) =o) 





11, = s9(@) - s9(2")) = 05 


(All arcs represent great circles) 


Fig. 3.4. View of the surface of the earth. 
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In connection with the above approximation, note that the surface of the earth in the vicinity of 


0) can be considered planar to first order in (By - B (0) and (6, - 5540): This follows from 


the validity, in first order, of the Euclidean metric on the sphere: 





(a1)? = [cos™! {cos 6, cos 8 (o) * Sindy sind (4) cos (By - Boyd] ¥ (3.3.4) 
ices Te (6; - ® (oy + sin “12 (6, - B (oy) ; (3.3.5) 
® (5, — 8 oy” + sin? 8 (oy @r- B (oy) (3.3.6) 
woptoy . (3.3.7) 


Now, from equations (3.3.2) and (3.3.3) and the easily derived equations 





6, = cos7? {-cos@,cosé._} ; O0<6,<7/2 , (3.3.8) 
I I ° “I 

a tan ©, =a - 
6, = 8, +7 tan FSS 2 Oretens {t<</2 (3.3.9) 


the S matrix can be evaluated by straightforward differentiation. The results are presented in 
Table 3.3. By using them, the impact point prediction error moment matrix, 2, follows from 
equation (3.3.4). 


The accuracy of the approximation 
gesSa , (3.3.40) 


which is used in the derivation of =, was tested for a very pessimistic case. Parameter errors 
of 0.4 were assumed, and the resulting magnitude of S a was found to differ from that of go by 
only 5 per cent. , 


3.3.1.2 Specification of the Error Ellipse 


The impact point prediction error moment matrix is easily seen to be a symmetric matrix 
of order two. In general, it will not be diagonal. The discussion in Sections 2.3 and 2.4 shows 
that = determines the two-dimensional probability density of the impact point prediction errors 
and can be used to determine the corresponding error ellipse. The semi-major and semi-minor 
axes of this ellipse correspond to the square roots of the eigenvalues of the moment matrix, 2. 
Thus, if 

£44 £42 
Ze Gre as se Chores «5 (3.3.44) 
24-22 





*See footnote to equation (3.2.7). 
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TABLE 3.3 
THE S MATRIX FOR IMPACT POINT PREDICTION 


cos§_ sin8, 
° l 


A - eo" 8) oat &, 


cos § sin 8) 
Se nare 2 


12 —~— de 
jh - cos8, cos”6 


cos& sin8 
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13 = 
h - cos”8, cos” 
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Ss 


sin&_ cos® 
S gs) ° | 


16 
A ~ iat 8) Sos" & 
° 


sin& 36 
$5, = 2 


21 da 
jh - cos” 6, ois 
° 


sin$ 96 
S_. = ——— 


22 de 
A ~ cost 8 cos” 6, 


sind 
Sen © 


23 
/\ - eat 8 cos“§ 
° 


Sos = A - cos 8, cos” 8, 


sin 8 cos 8 cos 5 


S 
26 
A - ne” 8 cos“§ 
° 
2 
8, = 8+ con! juloeint, pee cos”! { } 


a6 (1—e*) 


| a(1 oe 
Salas e sin (8, — 8.) i 


a 8 
de e sin (6, = 8.) 


Note: All the above are to be evaluated ata = al), 





102 





then the square roots of the eigenvalues will be 





2 2 a2 
(Ey, eee FOdi) Se, i + 4€,5 








1 2 5 (3.3.42) 
| 2 Z 4/2 
Megg Ft ggh—Nlé44 ~ eg2) ot #4g2 
- : (3.3.43) 


The orientation of this error ellipse is also of interest. It is easily found, for example, by 
determining the angle the major axis makes with the great circle arc between the radar site and 
the impact point. If this angle is called y, and is measured clockwise by looking down on the 


earth, then 


A, —€ 
y = tan7? eas , -r/zgysk . (3.3.44) 
£42 


3.3.2 Impact Time Prediction Errors 


For the calculation of the distribution of errors in impact time prediction, only a one- 
component prediction function matrix is needed. This matrix is defined by using Kepler's 


equation to describe the time of impact, t,, in terms of the trajectory parameters. 
I J x 


ty = ty + a3/2 (uy —e sinu,) 5 (3.3.45) 


where 


/ a 
4—e sin (6; — ©.) 


See eA Oe (3.3.46) 
I 1 + e cos (0; — ©) 


(9; is given in Table 3.3.) 

The S matrix corresponding to this prediction function is easily determined. Its elements 
are given in Table 3.4. The moment matrix, = = sav Ss for this distribution of impact time 
errors has only one component and its square root represents the standard deviation of the im- 
pact time prediction errors. (In general, a one-dimensional error ellipsoid is simply a line whose 


semi-length is equal to the standard deviation of the corresponding scalar prediction errors.) 
3.3.3 Launch Point and Launch Time Prediction Errors 


The above impact point prediction error results can be adapted to calculate the corresponding 
launch site prediction errors. This is easily seen from the invariance of the ellipse equation | 
under time reversal and angle reflection. Thus, consider a new radar site placed such that the 
great circle arc from the new to the original site is bisected by the major axis of the trajectory. 
Further, let new measurements be taken at angles 8; which are the reflections of the old measure- 
ment angles through the apogee line. Then, the impact point prediction error distribution for 


the new arrangement will be the launch point prediction error distribution for the original situation. 
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TABLE 3.4 
THE S MATRIX FOR IMPACT TIME PREDICTION 


1 38, 


va(1 — e”) ae 


= —————_ {A - sine -6,) [e + 





From this the launch point error ellipse and the standard deviation of launch time errors follow 
immediately. (This discussion, of course, ignores the effects of the finite duration of the mis- 
sile's propulsion stage.) 


3.3.4 Spatial Position Prediction Errors 


An error analysis of predictions has also been completed which considers the errors in 
the prediction of missile position in space as a function of time. 


3.3.4.4 Calculation of the S Matrix 


To evaluate the S matrix for these prediction errors, it is first necessary to define pre- 
diction functions which describe the position of a missile in space. From these functions the 
corresponding errors can be calculated. In particular, it is convenient to use three scalar 
prediction functions written in the usual form of a column matrix, s. Each element of this 
matrix (prediction function) is chosen to correspond to a component of the prediction vector 
along one of three cartesian coordinate axes. These axes and the prediction vector are con- 
sidered as functions of time and are defined pictorially in Figure 3.5. Clearly, the components 
of the ML prediction vector are given by 


s,(a,t) = Py, (t) ; (3.3.47) 
8, (a, t) = Px Kt) , (3.3.18) 
s,(a, t) = Py, tt) , (3.3.49) 


and the components of the true prediction vector by 
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plo) = True missile position 


P = ML prediction of missile position 
(Note that P is not necessarily in 
plane of paper ) 


C = Center of earth 


cpl = plo) (t) = True prediction vector 
CP = p(t) = ML prediction vector 


plo)p = Bp = Prediction error vector 





c 


(The positive direction of the Xo axis is "into" the paper) 


Fig. 3.5. View of the plane of the true trajectory. 


s,(a'), t) =o , (3.3.20) 
gnta),t)= 0, (3.3.24) 
s,(a'), ty = ply (3.3.22) 


With o defined as the prediction error matrix, it follows that 


g=s(a,t)—s(a,t) (3.3.23) 


To determine the elements of o explicitly, consider the surface of a sphere, centered at C, of 
radius pi), (This sphere is shown in Figure 3.6.) It is then easily seen that 


o, (a, al), t)=psinxcosn , (3.3.24) 
g,=psinxsinn , (323.25) 
a3 = p cosx — pl?) (3.3.26) 


To calculate the elements of the corresponding S matrix, note that 


cos x = cos g(°) cos 6 + sin 6!°) sin 6 cos (gs — gl) - (3.3.27) 
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(0) 


where 


and 





proj 


(All arcs represent great circles) 


To)q lo)" = Intersection of true trajectory plane 
with sphere. (The arrowhead in- 
dicates missile direction of motion.) 


0) = = Intersection with sphere of line from 
center of earth through radar site 


proj 


aa P___. = Intersection of line CP with sphere 
proj (See Figure 3.5) 
plo) = (See Figure 3.5) 
fe) (0) D (0) _ =6 (0) 
proj ~projo 


proj 
0) 


p(°)p 


proj 


proj "proj 


fe) (0) plo) — = alo) 


=6 


pl) p (0) ms = (09) _ n) 


De roj 


x 


0). N = Direction of North Pole 


proj 


Fig. 3.6. View of the surface of the sphere of radius p 


cos 6 = cos 3°) cosy + sin 6!) sinxy cos(1 + 7—-—&) 


(o) 
sin(n + 7—&)= sind ans ) - 
; sin 6 (0) 

sin =— ss 

sin 9°) 

s (0) (o) 

ee y tan 9(°) ~~ sine cos 6, 

tan 6(°) sin 30) 


(0) 


’ 


Equations (3.3.28) and (3.3.29) can be rewritten in the more convenient form 


sinxy cos7n = siné sin6é sin(g@ — gl) —cosé 


cos 6 — cos g(0) cosyx 


siny sinn = —siné 
sin 6°) 


cos 6 — cos 30) cosyx 
in 6!) 


—cosé sin6é sin(g — gl) 


From these equations the elements of the S matrix can be derived. Thus 
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(3.3.28) 


(3.3.29) 


(3.3.30) 


(353230) 


(3.3.32) 


(3°3'33) 



































dg, “ 
eee a = OP” ‘ (o) &sinxy cos7) 
Sy; = 3a, es Ba, pee cos? - p ames a ae we 
az=a‘° aza'° asa” a=a'° 
= p!°) {sing sing'0) 28 cose, S5oe8 , 483.94) 
“i | (0) -sin’d*° set __(0) 
asa a=a 
s,, = p\°) - bcos <toné aie ra , ¥3:3:38} 
sin 6 i =o) de i< ito) 
ara ara 
and 
= 2p 
oe , (3.3.36) 
T) | 2 (0) 
aza 
since 
2 cone =(— cos 30) sin 3(0) + sin 3°) cos 3) 2 
da. da. 
i azal?) i 2a) 
= isin” 0!) sii!) ip) 22 ap; (3.3.37) 
i | 4-,(0) 


To evaluate the partial derivatives appearing in equations (3.3.34) and (3.3.35) in terms of known 


quantities, consider the sphere centered at C and of radius p which is shown in Figure 3.7. From 


TT' = Intersection of trajectory plane 
predicted in the ML method 






with sphere 
wo 
= Oo; = Intersection with sphere of line 
ne PFOl from center of earth through radar 
Sd site 
a 





P = (See Figure 3.5) 
O__.N= Direction of North Pole 


N proj 
Or Di 2 a6 
proj proj ° 
‘ proj? =6 
Dien RS(G='a) 
Oproj proj 


(All arcs represent great circles) 


Fig. 3.7. View of the surface of the sphere of radius p. 
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this it can be shown that 


cos 6 =— cos oe cosO, (3.3.38) 
and 
-1 

B= 68, +y tan =) (3.3.39) 

. ° 

whence 
o sos 8 = cos 6°) sin 9°) 20. , ft2454 , (3.3.40) 
a ae), 1] axglo) 
sees Oe (3.3.41) 
° =a(0) 
; 

a aes 6 «ning! cone?) (3.3.42) 

; ° (0) : 

ara 
(0) 
sin 6 
= sy —2 2 eee ae ae (3.3.43) 
i azal©) sin” 30) i azal) 
a = he (3.3.44) 
© | a=) 


sin 9!) cos el?) cos ai?) 


te) 
=e So a (3.3.45) 
96, (o) : sin’ 6(°) 


9p / da; and 90 / 8a; are elements of the A matrix calculated in Section 3.2. The S matrix resulting 
from the above is given in Table 3.5. It can easily be shown that these formulae for the S matrix 
are independent of the relative orientation of P with respect to plo) and of plo) with respect to O. 
© and p can be determined as functions of time through Kepler's equation and the equation of the 

: ellipse. 


3.3.4.2 Specification of the Error Ellipsoid 


In terms of the S matrix, the moment matrix for the prediction errors, 2, is given 
by equation (3.3.4). This moment matrix can be used to determine the error ellipsoid in space. 
To find the semi-axes of this ellipsoid and their orientation with respect to the X 4”? X> and xX, 
axes, it is necessary to solve the secular equation (see Section 2.4) 


[s-a741 20 , (3.3.46) 


where 4 is the unit matrix of the same order as 2. 


4108 





By defining 


(2); 





TABLE 3.5 


THE S MATRIX FOR SPATIAL 
POSITION PREDICTION 


i=1—4 


= py cos 6, sin® 


= —p cos8 


Note: All the above are to be 
evaluated at a=a' °), 





equation (3.3.46) can be expanded to read 


2 2 “it: 2 
(E44 —A) [lEg, — 2°) (E33 — A) — E95] — E42 [Eq2 (€ 33 — A ) — €43 E23) 


Beas 
+ €43 [€42 €23 — €43 (€22—A N= 0 


This is a cubic equation in a2 whose solutions are 


where 


and 


A are 1/2 ‘ 
,= {+2 — 3 cost + 4 i419) +-9}/ Fe me ow ern 


cos $= + 


3 


| ane 
4 


=» «4O<e<t 
a 


a=1/3(38-a°) , 


b=1/27(2@°—9a8+27y_ , 
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(3.3.47) 


(3.3.48) 


(3.3.49) 


(3.3.50) 


(3.3.54) 


(33:52) 


(323253) 





3 
(es % (e e*) , (3.3.54) 


ao, iG 
i<j 
i, j=1 
3 < 3 
=o vA 

. =- Tl «,, - 2I] q, + » “ate (3.3.55) 

i=4 i<j i¢k>j 
i, jet ifj 


i,j, k=4 


The negative sign in equation (3.3.49) is to be used if b > 0 and the positive sign if b <0. A, will 
be the largest semi-axis and A, will be the smallest. 

The orientations of these semi-axes with respect to the X,, X,, X3 coordinate system may be 
labeled by the polar angles of their corresponding eigenvectors. (See Figure 3.8.) Since the mag- 
nitudes of eigenvectors are not determined by the eigenvalue equation, their X, components will, 
for convenience, be assigned the value unity. This choice both fixes their magnitudes and arbi- 
trarily resolves the inherent ambiguity of whether the vectors point "up" or "down." Thus, with 


3-312-3866 





Fig. 3.8. Orientation of the error ellipsoid axes. 
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0(A) defined as the angle between the eigenvector and the x3 axis, the restriction, 0< O(A)< 4, 
reflects the fact that all vectors are considered to point "up." (A) is the angle the xX, -X, plane 
projection of the eigenvector makes with the X,-axis. It is measured in the conventional sense 
as indicated in Figure 3.8. 


The eigenvectors, which will be denoted by r(A), are found from 


Zr (a)= r* x (a) . (3.3.56) 


(See Section 2.3.) The solution to this equation for the x, and x, components of r (A) is easily 
obtained. 


2 
€43 23 t €42 A —€35) 








X, (A) = 5 ¢ (3.3.57) 
Sap fy 5 HE ge ~ 444) 
Cp Gn ae (r2 —€.,.,) 
xoy= Se (3.3.58) 
te (A —€,,) 
S72 Spanien Ss 22 
In terms of these components, 9(A) is determined from 
<p eo -1/2 
O(A) = cos {Lz x; 4] } : A= Ay, AZ AZ (3.3.59) 
Similarly, 
X, (A) 
sin 6(A) cos (A) = (3.3.60) 
| x(A) 
The quadrant of (A) can be determined from the signs of XK, (a) and x(a). Thus, 
ees ts IX, (A)] — X5 (a) tr X, (A) X5(A) ces 1X, (A)! 
2 1X, (A)| 1X, (A) X,(a)I 2 3 1/2 ; 
{ SEN) 
iad * 
Z * 
A= AAD AG (3.3.64) 


In this equation if either X, (A) or (A) equals zero, the corresponding ratio X(A)/1X,(A)| should 
be replaced by unity. If both X, (a) and X5(A) vanish, $(A) is undetermined and irrelevant; the 
eigenvector is along the X3 axis. If either X, (A) or X,(A) (or both) is infinite, then O(A) = 7/2; 
the eigenvector is in the X,-X, plane T (A) can then be restricted to 0 < @(A) < 7 and can be 
determined from the ratio of X, (A) to (A). This ratio can be found, for example, from equa- 
tion (3.3.56). 


X, (A) € 
4 23 
aa i a (3.3.62) 
X5(4) €43 
whence 
=A £43 
$A) = tan {- aah Ae OS ANI me ec (3.3.63) 
23 





* The principle value of the arcsine should be used. 


TIn this situation, the choice of unity for the X3 component of the eigenvector is obviously not valid. 
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3.3.4.3 A Time Error Associated with the Error Ellipsoid 





From the error ellipsoid described above an associated time error, At, can be calculated. 
This is defined to be the time taken by the error ellipsoid to move the length of a particular 
radius vector. The radius vector of the ellipsoid considered is the one parallel to the velocity 
of the missile at the center of the ellipsoid. (The length of this radius vector is denoted by 
tang’) At gives a rough idea of the ere inaccuracies involved in predicting the arrival of a 
missile in a particular region of space. At is obtained approximately by dividing the radius of 
the error ellipsoid, which is in the direction of the tangent to the trajectory, by the speed of 


the missile at that point on its trajectory. 


At = ang (3.3.64) 


Vv . 


(In this section the superscript (o) is omitted from "true" quantities.) v, the speed of the mis- 
sile, follows from energy conservation and equation (9.5.10) of Part I. 


v= {2 44/2 (3.3.65) 


The calculation of Mang is somewhat involved. To facilitate matters, consider a cartesian 
coordinate system whose axes are in the directions of the semi-axes of the ellipsoid. Let 
the x; axes coincide with the directions of the A; ellipsoid semi-axes, (i= 1,2,3). In this system 
the equation of the ellipsoid is 


2 


3 x} 
by (54) =i 5 (3.3.66) 
Tesh Not 


Then, in terms of the direction cosines of the radius vector in question, Ran g will be given by 


N “A 
3 cos” (2, ; X;) -1/2 ; 
rN =4{ 2 se I (3.3.67) 
— i=1 iy 
The direction cosines can be determined through the intermediary axes X ? x, and X3. 
hae Orang’ i) 
3 A AS 1 
= ue Orang)x, Grae Sc ae (3.3.68) 


A 
The quantities (Xi dog follow directly from equations (3.3.59) and (3.3.60). 
j 


*Perhaps a better approach to this problem of time error is by means of restricted estimations. In this method, 
the error distribution in the time of arrival of a missile at a particular spatial position would be calculated under 
the condition (restriction) that the missile actually passes through that point. The error analysis of this restricted 
estimation is, however, much more complicated analytically than the one to be described in the present section. 
(See Chapter VII and Part |, Chapter VIII.) 


A 
tx! denotes the unit vector in the direction of the x; axis. (X;), denotes the component of this vector along the 
X. axis. A similar interpretation isgiven to Orang x . The notation cosine (x,y) is to be interpreted as the cosine 
“ i 


of the angle between the unit vectors x and ye 
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where 


X(A;) =i i Ae ae yaa | 
To determine oe value of Ga, 


My note that a 
A 
the angle between ai ang and x, is ape by K, ean 


N 
Orang)x =cosK , 


A 
Orang, =o > 
r™—O+0 


A 
(A. ) >a ee sink 
tang’ X, j\7-O8 +6) 


ang is in the X,-X, plane. 


(See Figure 3.9.) It is clear from this figure that K is given by 


K(t) = y(t)— v(t), 


(3.3.69) 


(3.3.70)* 


Therefore, if 


(3.3.74) 


(3.3.72) 


(3.3.73) 


(3.3.74) 


where, if the equation of the ellipse is written in terms of the x! axes, y(t) is given by 








ax" 
tan y(t) = xt 
Since 
(Xt—ae)* (xy)? 
ee te ae Oe aa 
a a “(14-e°) 
it follows that 
" " 
bf es ee 
a 
ae, (X} — ae) (1 —e7) 


By using the equations 


3 ? 
X= p cos(=> —-@+6.)=-p sin(® — 0.) 


gee 
X3 =p sin(== —© + ©.) =—p cos(9-©,) ’ 


equation (3.3.77) can be put in the form 


sin(®@ —6_) 
[cos (8 me, Tie} 


" 
4 


*If the X3 component of a happens to a zero, then equation (3.3.69) should be replaced by 


2 
Rd -x0)/[ 3 e Ran) scae 
where X1Q,)/X_00,) ia be obtained she equation (3.3.62). 
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j=1,2 


(3:305) 


(33-76) 


(3.3.77) 


(3.3.78) 


(3.3.79) 


(3.3.80) 








CP (0) (4) = (See Figure 3.5) 

AA' = Tangent to trajectory at plo) 

v(t) = Acute angle between x," axis and 
the X 1) axis 

y(t) = Acute angle between X," axis and 

tangent to the trajectory at P(°)(t) 

K(t) = y(t) — v(t) 

E = Midpoint of major axis of ellipse 
x; EC =ea 
cP©)() = p(t) 


Fig. 3.9. View of the plane of the true trajectory. 
and with v(t) given by 


i Beal 6 Sine ae (3.3.84) 


it then follows that 


(r-O+0) 2) -1/2 
° . 

3 [x, a) cosK + r-6+6| sink| 

r ee . (3.3.82) 


tang A ©, 
- rz] = xa) 
jet 4 
where 


sin (0 8.) si . 
cos (6 — aso Ir-O+0) , o<tan {} <> . (3.3.83) 





i=) = 4 ton”? { 


(0) ) 


(These formulae are, of course, to be evaluated for the set a 
3.3.5 Comparison of Impact Point and Spatial Position Predictions 


There is an important difference between the impact point and the spatial position predictions 
discussed above. The latter yields a prediction for missile position for a given time, while the 
former yields a prediction for missile position on a given surface. In other words, the error 
ellipsoid in space refers to the distribution of spatial prediction errors at a given time, whereas 
the impact point error ellipse refers to the distribution of prediction errors on the surface of 
the earth, regardless of time of impact. One consequence of these facts is that the intersection 
of the error ellipsoid, with the surface of the earth, at the time of impact does not, in general, 
coincide with the impact point error ellipse. However, in cases of small errors and nearly 


circular ellipsoids, the disparity between the two will not be large. 
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It should also be noted that the applicability of the above described prediction error analysis 


is not limited to the single-site radar system under consideration, but can equally well be applied 


to a parameter error moment matrix derived from any other configuration. 


3.4 NUMERICAL RESULTS 


All of the above error analyses, except for the impact time prediction error, have been 
programmed for M.1.T.'s Whirlwind I digital computer. A description of the program and some 


of the numerical results obtained from it are contained in Chapters IV and V, respectively. 








CHAPTER IV 


DESCRIPTION OF COMPUTER PROGRAM FOR THE ERROR ANALYSIS 
OF SINGLE-SITE RADAR SYSTEMS 


4.4 INTRODUCTION 


The error analysis of the ML method described in the preceding chapter has been programmed 
for M.I.T.'s Whirlwind I digital computer. The program has been written to determine either 
(1) The impact (or launch) point prediction error ellipse and its orientation 
on the surface of the earth, or 
(2) The spatial position prediction error ellipsoid and its orientation in space 
as a function of time before impact. An associated time error, corre- 
sponding to each error ellipsoid, is also calculated. 

Both of the above determinations are performed for a particular configuration, namely: An 
arbitrarily located planar-scan radar is considered which can have as many as five scanning 
beams, each at a different elevation angle * In each beam a set of radar measurements of the 
missile can be taken, provided only that the missile's elliptical trajectory intersects the beam. 
All sets of measurements consist of the following four types: azimuth angle, elevation angle, 
range, and range rate. The measurement errors are assumed independent and their standard 
deviations known. If measurements are taken in only two beams, the standard deviations of the 
errors in the two sets may be chosen differently. Thus, o(f) of the first beam may be different 
from o(f) of the second beam, i.e., a (B,) #o(B,), and similarly for the other measurement types. 
For considerations of more than two sets of measurements this flexibility is not included — the 


standard deviations (8), o(a), o(r),and o(t) are fixed throughout a particular calculation. 
4.2 PROGRAM FORM 


The problem as given to the computer is separable into a program tape and a parameter tape. 
The former contains the instructions necessary to perform the mathematical calculations de- 
scribed in Chapter III. The latter contains only the input variables to which the instructions of 
the program tape refer. The variables and their units, which comprise the input and output in- 
formation of the program, have been chosen to conform with familiar usage. The precise nature 


of this input and output information is described below. 
4.2.1 Input 


The input variables can be separated into two categories — the system parameters and the 
standard deviations of the measurement errors. The former include the missile trajectory, 
specified by the range capability inn.m., the range inn.m., and a high or low trajectory notation; 
the location of the radar with respect tothe trajectory, specified by 65 in n..m,, Qin n.m., and By 


t 


in degrees; andthe antenna elevation angles,specified by the elevations of the various beams, Oo 


*For the radar located in the trajectory plane, the results will be identical with those for the corresponding 
constant-elevation-angle=scan radar, 


TFor this planar-scan case, "north" is defined by the antenna direction. 85 and 5, are measured along great 
circle arcs on the surface of the earth. See Figures3.1 and3.3 for the pictorial definitions of these quantities. 
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[The aaj are measured at the center of the scan (direction of "north").] The second category 
consists of the o(g)'s and the o(@)'s in degrees, the a(r)'s inn.m., and the o(r)'s in ft/sec. 

When the error ellipsoid in space is desired, the input must also include the time before 
impact, t* » in min., at which the ellipsoid is to be calculated. A maximum of six different t# 's 
per set of system parameters may be specified. 


4.2.2 Output 


For a given set of the above input variables, both intermediate and terminal results are ob- 
tained. The intermediate results are the ellipse parameters, a and e; the polar coordinate angle, 
6, in degrees; the azimuth angle, 8, in degrees; the elevation angle, a, in degrees; the radar 
range, r, inn.m.; the range rate, r, in ft/sec.; and the time to impact, t', in minutes. All of 
the above, except the ellipse parameters, are evaluated for the observation point corresponding 
to each scanning beam (elevation angle). If the error ellipsoid is determined, the polar coordinate 
angle, O* » corresponding to the time, t*, for which the ellipsoid is calculated, is also presented. 

The terminal results for the calculation of the impact point error ellipse are the semi-major 
and semi-minor axes, Aye and A>, inn.m., of the ellipse; and the angle, y~, in degrees, which 
the major axis makes with the great circle arc between the radar and the impact point.t 

The terminal results for the calculation of an error ellipsoid are the semi-axes of the ellips- 
oid, Ay 2A, 2Az, in n.m.; the two angles describing the orientation of the largest axis, 8(A,) | 
and o(r,), in degrees; and the associated time error, At, in min. (For a pictorial definition 
of O(A,) and o(r,), see Figure 3.8.) 


To adapt this program for the calculation of the launch point error ellipse, see Section 3.3.3. 
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CHAPTER V 
SUMMARY OF ERROR ANALYSIS RESULTS FROM SINGLE-SITE RADAR SYSTEMS 


5.4 INTRODUCTION 


Numerical results have been obtained for the error analyses of predictions based on the ML 
estimation method, and on the three deterministic methods discussed in Section 1.3 and in Part I. 
Most of these results, however, are from the error analysis of the ML method and have been 
gathered through a use of the computer program described in the preceding chapter. These are 
summarized graphically to indicate the prediction errors concomitant with the ML estimator for 
a variety of configurations. Only very limited computations have been made for the error analyses 
of the deterministic methods. These have been confined to determinations of impact point error 
ellipses for a few radar-trajectory configurations. The results are compared with each other and 
with the similar calculations for the ML method. As was stated earlier, the basis of comparison 
is the area of the error ellipse. 

A calculation has also been made of the lower bound on the error ellipsoid of position pre- 
diction implied by the Cramér-Rao inequality. The result of this calculation, for a particular 
configuration, is compared with the corresponding one obtained for the maximum likelihood esti- 
mator. Finally, a discussion of the probable accuracy of the various error analyses is presented. 


5.2 MULTI-VARIABLE DEPENDENCE OF RESULTS 


For each prediction method, the error analysis results depend on many factors (variables), 
e.g., the trajectory of the missile, the location of the radar with respect to the trajectory, the 
types of measurements taken, the numbers of such measurements, the times (or equivalent el- 
evation angles) at which they are made, and the distributions of the different measurement errors. 
Thus, each scalar prediction error is a function of many variables and, to obtain a complete 
graphical representation of the errors implied by a given prediction method, a description might 
be given of hypersurfaces in a multi-dimensional vector space. The dimension of the space would 
be equal to the sum of the number of variables and the number of scalar predictions. (The num- 
ber of variables alone determines the dimensionality of the hypersurfaces.) Even if the discussion 
is limited to the function which describes the area of the impact point error ellipse, and to 
a consideration of only two particular sets of four radar measurements each, with a gaussian 
distribution of errors, the space is 15 dimensional, and the one hypersurface is 14 dimensional.* 
Since 15 and higher dimensional models are hard tofind, only two-dimensional sections of them are 
presented, These correspondto keeping all but one of the variables fixed andobserving the change 
in the value of the prediction functions as the value of the (unfixed) variable changes. A great 
number of such graphs could be included, each convenient for some special purpose. The ones 
selected are intended only to give a typical summary of the results obtainable and to illustrate. 


important points. Some of these are actually composite two-dimensional sections and show the 





* The number of variables in this situation is composed of the six ellipse parameters and the eight different standard 
deviations of measurement errors. (The means of the measurement errors are assumed to be zero, and the elevation 
angles of the measurements are assumed to be fixed.) 








continuous behaviors of the values of a prediction function with a change in a single variable for 


various values of a second variable. 


5.3 NOTATIONS USED IN PRESENTATION OF RESULTS 


In the following text and figures various symbols are employed. For convenience, their 
definitions are listed below. 


a .: Elevation angle above horizon at the center of the azimuth coverage 
° sector of the ith beam. (These symbols refer to a planar-scan radar 
which possesses pencil beams scanning in planes tilted at various 
elevation angles above the horizon.) 


o(B.): Standard deviation of the errors in the azimuth angle measurements 
: made in the ith beam. (These values refer to azimuth angles meas- 
ured in the plane which both contains the pencil beam and is perpen- 
dicular to the vertical plane through the beam. Hence, o(f.) is a 
different quantity from o(f) of the preceding chapters. The latter is 
based on the assumption that azimuth angle is measured in the hori- 
zontal plane which is tangent to the earth at the radar site. The 
relation between the two is given by o(B:) = a(f) cos a;.)* 


o(a;): Standard deviation of the errors in the elevation angle measurements 
made in the ith beam* 


o(r;): Standard deviation of the errors in the range measurements made in 
the ith beam * 


o(f,): Standard deviation of the errors in the range rate measurements made 
in the ith beam* 


o(I_): Standard deviation of the component of the impact point prediction error 
P vector which is in the trajectory plane. (If the radar is in the trajectory 
plane, o(I.) represents a semi-axis of the impact point error ellipse 1) 


o(L,): Standard deviation of the component of the impact point prediction error 
vector which is perpendicular to the trajectory plane. (a(I,) represents 
an error ellipse semi-axis if the radar is located in the trajectory planet) 


r_: Radius of circle (or sphere) of area (or volume) equal to that of the cor- 
responding error ellipse (or ellipsoid). 


4500/4500: Description of an extremal trajectory with a 4500 n.m. range. (An ex- 
tremal trajectory is one for which, considering the initial speed of the 
missile, the range is a maximum.) 


5500/4500: Description of the high (or low) trajectory that has a range of 4500 n.m. 
H (or L) and an initial speed corresponding to a maximum possible range of 
5500n.m. (For any given initial speed, a missile will attain any par- 
ticular range less than the maximum possible if it is launched at either 
of two elevation angles, one higher and one lower than that for the cor- 
responding extremal trajectory.) 


5.4 VARIATION OF ERRORS IN IMPACT POINT PREDICTION 


The errors in impact point prediction depend on many variables as discussed above. In this 
section, the dependencies, for predictions based on the ML estimator, are illustrated graphically 
in Figures 1 through 7 and tabularly in Tables 5.4 and 5.2. A discussion of the various effects 
presented is also included. 


* An absence of the subscript i will indicate that the standard deviation is the same for all beams. 


+The symbol a(1) will be used to indicate either oll) or o(l,). 
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5.4.14 Effects of Missile Range 


The effects of missile range on the semi-axes of the impact point error ellipse, for a given 
range capability, are shown in Figure 5.1. Also indicated is the variation of time before impact 
as a function of the range. The legend accompanying the figure displays the particular radar con- 


figuration from which the curves were obtained. 
5.4.2 Effects of Relative Orientation of Trajectory and Radar Site 


The relative location of trajectory and radar site is described by the parameters 5, and ®.: 
The former indicates the lateral distance from the radar site to the trajectory plane and the 
latter describes the distance forward from or behind apogee at which the radar is situated. The 
effects onthe error ellipse semi-axes of varying 2. are illustrated in Figure 5.2 for a typical 
configuration * (Note that for a scanning beam at a given elevation angle, moving the radar 
closer to the launch position of the missile means that the radar observes the missile earlier in 
its path. Hence, the time before impact will increase. The opposite conclusion applies for the 
radar moved away from the launch position.) The changes in the semi-axes due to changes in the 
value of 5, are no greater than about 10 per cent for radars moved from locations in the trajectory 
plane to locations as far as 500 n.m. from the plane. The effect on time until impact of these 


changes in 8, is under one minute for the trajectory considered in Figure 5.2. 
5.4.3 Effects of Scanning Beam Elevation Angles 


The impact point error ellipse is clearly dependent upon the relative and absolute elevation 
angles of the radar scanning beams. For example, if in a two-beam system, the elevation angle 
of the second beam is increased while that of the first is held fixed, all ellipse semi-axes will 
decrease in length.” Figure 5.3 shows this result quantitatively. It is also clear that for a given 
separation of the beams, the higher their absolute elevation angles, the smaller the impact point 


error ellipse and the shorter is the time until impact. 
5.4.4 Effects of Increasing Number of Beams 


Increasing the number of beams which can observe a missile reduces the size of the impact 
point error ellipse since the amount of data collected is greater. However, if the total change 
in elevation angle remains constant, then the improvement in prediction accuracy gained by 
adding a reasonable number of beams is not very significant. If the measurement error stand- 
ard deviations of some measurement types are very much smaller than those of other measure- 
ment types, then by increasing the number of beams sufficiently, so that measurements of the 
types with small standard deviations suffice to determine the trajectory, large reductions in 
prediction errors may be produced. 


5.4.5 Effects Associated with Tracking Radars’ 


With tracking radars, measurements are taken at a definite rate (pulse repetition frequency) 
over a total time interval which is large compared with the reciprocal of the prf. This situation 





*It is assumed that the azimuth angles are such that the scanning beams are directed toward the launch position 
of the missile rather than toward the impact point. 
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Fig. 5.2. Prediction error and time before impact vs distance from apogee. 
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Fig. 5.3. Prediction error and time before impact vs beam separation. 
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Fig. 5.4. In-plane prediction error vs range error. 
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cannot be simulated precisely by the WhirlwindI computer program described in Chapter IV. 
However, it can be closely approximated by dividing the tracking interval into five parts and by 
assuming that all the radar measurements in a given part are made at the center of that part- 
(Actually the radar measurements are distributed uniformly in time through each part.) By using 
this approximation, the effect on the impact point error ellipse of varying the length of the track- 
ing interval can be obtained. An illustration of this is given in Table 5.1. In general, it is seen 
that for large numbers of measurements and for a given prf the ellipse semi-axes vary approx- 
imately inversely as the 3/2 power of the length of the tracking interval. This result is a com- 
posite of the following two effects: 

(4) o(I) varies as the inverse length of the total time interval of observation, 

for a given number of measurements, and 


(2) o(I) varies as the inverse square root of the number of measurements, 
for a given total time interval of observation. 


TABLE 5.1 
o(l) vs TRACKING INTERVAL LENGTH 


4500/4500 
Radar under apogee 
Tracking intervals start at ay, = 5deg 
Radar emits 30 pulses per second 
o(B') = o(a) = 0.5 deg, o(r)= 2n.m., o(f) = 100 ft/sec 


Tracking Interval Length 


Time Elevation Angle o(l,) 
(sec) Change (deg) (n,m. ) 


11 319 
90 
23. 3 
4.6 





It is important to note explicitly that the validity of the numerical results presented in 

Table 5.4 is strongly dependent on the assumption, made throughout, that the measurement errors 
have zero means. While small bias errors (small compared with the measurement error standard 
deviations) will have a negligible effect on the above prediction errors for a small totalnumber of 
reasonably spacedmeasurements, they may have a significant effect for large numbers of measure- 
ments made over a relatively small total time interval. Todetermine the limitation on the size of 
the bias error necessary to maintain the validity of the results in Table 5.4, consider the approxi- 
mation to the tracking situation discussed above. There it is implied that the prediction error 


resulting from a large number of measurements of each measurement type, Say M,: made over 





* This approximation is essentially the inverse of the approximation described in Section 2.6. In the particular 
case to be discussed here, the impact point error ellipse obtained from the use of the approximation is probably 
within 2 per cent of the result for the true tracking situation. 
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a given total time interval can be closely approximated by a smaller number of measurements of 
each type, M); which are appropriately spaced over the same interval and whose errors have 
standard deviations reduced from the original by a factor of /M3/M,- Therefore, in order to 
have no effect on the above prediction error results, the bias errors should be small compared 
with these (reduced) standard deviations. An indication of the values of the (reduced) standard de- 
viations is given in Table 5.2. These results were obtained for the situation described in Table 5.4 


: * 
where five was taken as the effective number of measurements of each type. 





TABLE 5.2 
REDUCED STANDARD DEVIATIONS OF MEASUREMENT ERRORS 








Measurement Error Reduced Measurement Error 
Measurement Type Standard Deviations Standard Deviations 


Azimuth angle (deg) 
Elevation angle (deg) 


Range (n.m. ) 
Range rate (ft/sec) 





Tracking interval length (sec) 





5.4.6 Effects of Changes in Measurement Error Standard Deviations 





For a given prediction methodandradar-trajectory configuration, the impact point prediction 
error standard deviations depend solely on the standard deviations of the measurement errors. 
Further, with the radar located in the trajectory plane, o(I,) is essentially only a function of the 
o(B')'s. This dependence is illustratedin Figure 5.5. Similarly, ot) is essentially a function only 
of the o(a)'s, o(r)'s, ando(t)'s. Figure 5.6, for example, presents the variation of o(I,) with changes 
in the values of o(a). This figure has the standard deviations of the other two measurement types 
as parameters. As an illustration of another mode of data presentation consider the contour plot 
in Figure 5.7. In this figure, the values of o(r) and o(r) necessary to maintain constant values 
of ot.) are shown for a particular value of o(a). 

In connection with these curves, it is useful to introduce the concept of (local) sensitivity of 
the o(I)'s to changes in the measurement error standard deviations. This sensitivity of a(I) to 
a change in the standard deviation of a measurement error is defined as the ratio of the fractional 
change in o(I) to the fractional change in that measurement error standard deviation. It is the 
slope of the curve in which logo(I) is shown as a function of the logarithm of the standard devia- 
tion of errors in a given measurement type. The value of the slope is a function of the position 
along the curve. For small fractional changes in the several measurement errors, the total 
effect on the prediction error may be determined by adding the effects due to the changes in errors 
in the individual measurements, i.e., only the first order terms of the appropriate Taylor series 
expansion need be retained. 


As an example of the information to be gained from a knowledge of sensitivities, consider 





* A more rigorous estimate of the limitations on bias errors can be obtained by carrying through the analysis 
described in Chapters I] and III for a multivariate gaussian noise distribution with non-zero means, 
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Fig. 5.5. Lateral prediction error vs beamwidth. 
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Fig. 5.6. In-plane prediction error vs elevation angle error. 
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Fig. 5.7. Doppler error vs range error for given in-plane prediction errors. 
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Fig. 5.8. Comparison of impact point error ellipses from several estimation methods. 
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the case of a 4500 n.m. extremal trajectory observed by a radar, under apogee, which has 
scanning beams at elevation angles of 5° and 10° and measurement error standard deviations of 


a(a) = .5°, o(r) = 20n.m., and o(r) = 100 ft/sec. The sensitivities of a(t) are then as follows: 





Measurement Sensitivity 

Oy “=a 
as 2 09 
r, .00 
ry .00 
rt 47 
r, .39 

4.00 


From this it can be seen that in the region of measurement error standard deviations under con- 
sideration, the o(I y's are most sensitive to changes in the standard deviation of the doppler ve- 
locity measurement errors and least sensitive to changes in the standard deviation of the range 
measurement errors. Therefore, in this case, to improve impact point prediction accuracy, it 
would be more advantageous to improve the accuracy of the doppler measurements than to im- 
prove the accuracy of range measurements. 
That the sum of these sensitivities is equal to one, reflects the facts that 
(1) o(Ip) is a homogeneous function of the measurement error standard devia- 
tions, and 
(2) o(Ip) is independent of the azimuth angle measurement error standard 
deviation. 


5.4.7 Effects of Elimination of Various Measurements 


If the radar observations yield redundant data, a non-trivial prediction can be made without 
using all the measured quantities. Within the range of measurement errors considered above, 
the error analysis work has shown that for the two-beam radar system both elevation angle 
and range information from the first beam can be eliminated without greatly increasing the 
prediction error. (The range measurement from the second beam instead of that from the 
first beam could be eliminated with similar results.)* For instance, if all eight measure- 
ments are used, if the two beams are located at elevation angles of 5° and 10°, with o(a) = 
0.5°, o(r) = 20 n.m., and o(r) = 100 ft/sec, and if the radar observes a 4500 n.m. extremal 
trajectory from under apogee, o(l,) is 380 n.m. With the elevation angle and range measurements 
from the first beam ignored, o(1,) becomes 400 n.m. However, elimination of any other pair of 


data instead increases a(t) considerably more. 
5.5 COMPARISON OF IMPACT POINT ERROR ELLIPSES 


In Part I, Section 1.3, various criteria for selecting an optimum estimation method are 
mentioned. One of these is a comparison of the areas of impact point error ellipses. To make 
this comparison the impact point error ellipses as a function of beam separation, for a two-beam 





*The elimination of a measurement is equivalent to the assumption that the accompanying measurement error has 
an infinite standard deviation. 
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configuration and one particular trajectory, have been calculated for the three deterministic 
methods described above and the maximum likelihood method. The results are given in 
Figure 5.8 to indicate the relative merits of the corresponding prediction methods. How- 
ever, instead of using the area of the ellipse in the comparison, the radius of a circle of equal 
area, r,, is used for convenience. This radius is the geometrical mean of the ellipse semi-axes 
and is directly proportional to the square root of the ellipse area. 

It is interesting to note that for wide beam separations, the deterministic method which makes 
use of two doppler measurements is better than that which uses only one, whereas the opposite is 
true for small beam separations. For the configuration and trajectory illustrated, the two provide 
equally good predictions of impact point for a beam separation of approximately 32°. Over the 
whole range of configurations shown, though, the maximum likelihood method appears to be by 
far the best of the four. 

As calculations of spatial error ellipsoids have been made only in the case of the ML method, 
no comparison between prediction methods can as yet be made on the basis of their error ellipsoid 


volumes. 


5.6 CALCULATION OF MINIMUM VOLUME ERROR ELLIPSOIDS 


The discussion of Part I, Section 1.3, indicates that no regular, unbiased estimator exists 

for which the corresponding parameter error ellipsoid does not enclose or at best coincide with 
a minimum volume error ellipsoia*t This minimum ellipsoid is determined from the probability 

_ density of the measurement errors and furnishes a theoretical lower bound for corresponding 
error ellipsoid volumes obtained from all regular, unbiased estimation methods. Since, in this 
study, criteria for the selection of an optimum estimation method are based on volumes of 
position prediction error ellipsoids it is of interest to calculate the volume of the minimum ones. 
To illustrate the procedure, the minimum volume error ellipsoid of spatial position prediction at 
anarbitrary time, t, willbe calculated for the single-site, multiple-beam radar configuration 
previously considered. For this type of configuration, the conditional probability density of meas- 


urement errors has the following form 


M 
re} 

le aa 5 = Ft) -Llaty Nyt) —xlaty)| , (8.6.1) 
i=1 


(a) Te 


where M, is the total number of beams and eet ee M,.» is the time at which the missile passes 
through the ith beam. y(t;) represents the values of the measurements made at time t;. Similarly, 
x(a,t;) represents the functional forms of the measurements made at time t;. In particular, 
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*Note that for biased estimators a different theorem obtains. This theorem implies that if the derivatives of the 
bias with respect to the parameters are negative there may exist a regular estimate whose error ellipsoid is smaller 
than the minimum volume error ellipsoid for unbiased estimators. See Cramér, op.cit., p.479 ff. 


{Throughout this report, minimum error ellipsoid means the theoretical lower bound on the size of error ellipsoids 
provided by the Cramer-Rao inequality. 
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The elements of the diagonal, 4 x 4, noise moment matrix, N, are given by 


Nyy =o" (6) oe Mys(= 07 tr) 3 Nyg zor tt). (5.6.6) 


(It is assumed that the noise moment matrix is independent of radar beam. In particular, the 
difference between o(f) and o(p'), for pencil beam scanning, is ignored.) 


* 
The general formula for the minimum volume parameter error ellipsoid is 


ae (252? woee 2 0cEP 2) a (5.6.7) 
j,k=4 j i Ye 

where E(z) denotes the mathematical expectation of the quantity z with respect to the probability 
density p. The u.,j]=1-6, represent the cartesian variables of the ellipsoid. As written, the 
ellipsoid is centered at the true parameter values. For present purposes the set of parameters, 
a, are taken to be the 6 scalars associated with the (cartesian) spatial position and velocity of the 
missile at the time t. This special choice is denoted by a By considering the set a', it is seen 
that the equation for the minimum error ellipsoid of spatial position prediction at time t is given 
by the projection of equation (5.6.7) on the three-dimensional subspace corresponding to the var- 
iables associated with the spatial position parameters. (The cartesian variables of the ellipsoid 
corresponding to these spatial position parameters are shown in Figure 5.9.) Explicitly, the 


equation for this minimum error ellipsoid is found to be 





3 
ze {oteme steer uu,=41.. (5.6.8) 
j,k=4 oa, da, 


To determine the volume enclosed by this minimum ellipsoid, E (paste oo) must first be 


calculated. Since oy eS, 
M ! 1 
o 4 fy, (t.) —x, (a,t.)] ox, (a ,t.) 
rs) — = = 2 yet - v4 i = : i : (5.6.9) 
a; i= = wo a; 
' re 
ie ' 4 [Yy (t;) Sect (a st3)] ri 
iu — x, (a ,t;)] exp |-—5 ret et ay, 20 5 2244") tate, 


(5.6.40) 


*In Cramér, op.cit., page 495, the formula for the minimum parameter ellipsoid of concentration is given. As 
was mentioned in Part |, Section 1.3, the axes of the concentration ellipsoid are related to those of the corre- 

nding error ellipsoid by a factor of /n + 2, where n is the number of parameters. Hence, the 1 appears on 
ae right hand side of (5.6.7) instead of the n + 2 in Cramér's formula. 


+Note that, while not indicated explicitly, the true parameter values, a), are to be used in evaluating all 
relevant quantities in this section. 
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P(t) = Missile position at time t 
L = Launch point of missile 
| = Impact point of missile 
C = Center of earth 


u; = Axes of ellipsoid cartesian variables 
i= 1,2,3. (The U3 axis points "into! 
the paper.) 


Fig. 5.9. View of the trajectory plane. 
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To evaluate the partial derivatives appearing in equation (5.6.42), note that the x! matrix, defined 
in Section 3.2, is given by 


. ox, (a, t) : 

Oy? ha y fete . ) Rete J (5.6.43) 
where 

a,rai, a,=e , a3 oon _ a, =t, ; as 3.8 t ag = 4, . (5.6.44) 
Therefore, 

ax,{a,t:) 6 ox,(at.) 8afad 6 —, da_(a') 
x"), = 2 At = 2 et) 5 (5.6.45) 
J da. s=41 s -, e=4 aa, 


Defining the matrix, T, such that 





(LT)... = —— (5.6.16) 
z 


leads to the equation 

x @t)*x' at) TD @e) . (5.6.47) 
By comparison with Section 3.3.4 it is seen that 

(Ti = S),; 7 ete j= 4 6 (5.6.18) 
and 

Thy = a Diy c Micgerer Sil Agee ae Pid. rs (5.6.19) 


The elements of this T matrix are given in Table 5.3. 


With a symmetric E matrix defined by 


tT F4at)N” X (at) T - (5.6.20) 


the equation (5.6.8) for the minimum ellipsoid of position prediction can be rewritten as 
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(536,24) 


(5.6.22) 





The principal axes of this ellipsoid, Aj, i = 1 > 3, as shown in Section 2.4, are given by the 


4 


square roots of the eigenvalues of E.. Equivalently, the A's can be determined from the solu- 


tions to the following secular equation. 


Fe oe eed eee (5.6.23) 


Since the volume of the error ellipsoid is given by 


a& 
V= 3 TA,AZRAZ ; (5.6.24) 
the radius of a sphere with equal volume is 
z 4/3 
Si {A, AA} ; (5.6.25) 


The value of re has only been calculated for the minimum ellipsoid of spatial position prediction 
at time of impact. The result for the 2-beam radar configuration and trajectory parameters in- 
dicated in Figure 5.8 is 46n.m_ (An elevation angle of 20° was used for the higher beam.) The 
corresponding quantity found from the error analysis of the ML method is 50n.m. Hence, the 
ratio of the volumes of the two ellipsoids is ~ 0.03, and the joint efficiency is 0.001. This seem- 
ingly poor result is perhaps misleading since the major axes of the two ellipsoids are actually 


identical to within the accuracy of the numerical calculation! 
5.7 ACCURACY OF ERROR ANALYSIS RESULTS 


The error analysis results presented in the preceding sections were obtained from the use 
of linear approximations and scatter diagrams. Hence, before any conclusions can be drawn 
from these approximate results, it is necessary to quantitatively ascertaintheir reliability. This, 
unfortunately, is not easily done due to difficulties of both a theoretical and a practical nature. 
Only limited statements can as yet be made concerning the accuracy of the results. These are 
presented in the following subsections. 


5.7.4 Linear Approximation Results 


Most of the above numerical data were obtained from the linear approximation approach to 
the error analysis of the ML method. The accuracy of the results is probably adequate for small 
errors. However, as was pointed out in Chapter I, it is very difficult to make a quantitative 
statement regarding this accuracy. To date, only a few consistency checks have been made on 
the results. The first was a test of the linear variation of the prediction errors as functions of 
the measurement errors. By utilizing the scatter diagram computer program, written for 


the minimum data deterministic prediction method described in Part I, Chapter VII, it is found 


* This number was obtained from a tedious hand calculation and may be incorrect. 


TAlso, it is not clear a priori that there exists an unbiased estimator for which the joint efficiency is greater 
than that for the ML method. 
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that, for this method at least, the prediction accuracy may be linearly related to the noises” 

In particular, with the standard deviations of all the measurement errors for a given configura- 
tion increased or decreased through multiplication by a common factor, the corresponding major 
and minor axes of the impact point error ellipse are similarly increased or decreased through 
multiplication by the same factor! Further, the impact point errors (not the o(I)'s) are found to 
be approximately linear functions of the errors in each individual measurement. In other words, 
with noises present in only one (arbitrary) measurement, the resulting impact point errors are 
linearly related to these noises. 

The linear approximation error analysis of the ML method also indicates that the prediction 
errors have zero means. As a check on this, the means resulting from scatter diagram error 
analyses of the minimum data deterministic method were examined. This examination showed 
that the means, for the results presented in Figure 5.8, have values which are less than 5 per 
cent of those of the corresponding ellipse semi-axes. Such a result Suggests that the means of 
the ML estimates are indeed negligible compared to the corresponding standard deviations. 

To determine whether the data obtained from the computer program of the error analysis 
of the ML method are actually those implied by the theoretical analysis, comparisons were 
made, in the case of minimum data, with the deterministic method described in Section 1.3.2. 
The results of this spot comparison are quite satisfactory as can be seen from Table 5.4. (Only 
the first two figures in each computation of o(I) are significant.) 







TABLE 5.4 
COMPARISON OF LINEAR ERROR ANALYSIS RESULTS FOR MINIMUM DATA 








4500/4500 
Radar under apogee 


dp, = 4deg 
eae oe = o(a) = .5deg, o(r)=2 n.m. 


ea ine WE fe Method Minimum 7 ete at Method 
(n. m.) (n. m.) (n. m.) (n. m.) 


a os 105 105 
90 
120 120 45 


More definitive checks on the accuracy of the error analysis of the ML method can be ob- 
tained from scatter diagram error analyses of the (approximate) ML prediction method described 















ide) 








j Note ‘See this method yields the same estimates as the ML method when the same sets of minimum data are used 
or eac 


tThis fact only establishes that the axes of the impact point error ellipse are homogeneous functions of the first 
degree in the standard deviations of the noises and not that the functions are linear. The point being made is 
merely that the result of the test is consistent with an assumption of linearity. 








in Part I, Chapter III. The programming of that method is now almost complete and results will 


soon be available. 
5.7.2 Scatter Diagram Results 


As stated earlier in Section 1.4, a scatter diagram represents a finite sampling of an (un- 
known) distribution of prediction errors. The distribution of the sample* is determined 
from the scatter diagram. In the limit as the number of sample points approaches infinity, the 
distribution of the sample will approach in probability that of the (unknown) parent distribution 
from which the sample was obtained. Similarly, characteristics of the distribution of the sample 
will approach in probability the corresponding characteristics of the parent distribution. Since, in 
practice, only a finite number of sample points are obtained, the characteristics of the sample 
will in general differ from those of the actual distribution. Hence, it is desirable to make quanti- 
tative statements establishing the confidence whichcan be placedon the "accuracy" of the sample 
characteristics. To actually obtain suchstatements is usually very tedious andinvolves the use 
of statistical hypothesis testing, definitions of significance levels, etc.t For the purposes of this 
section, a general treatment will not be necessary and, to simplify the discussion, the unknown 
parent distribution will be assumed to be multivariate gaussian with zero means. (The results 
to be deduced on the basis of this assumption are probably not critically dependent on its accu- 
racy.) For such a parent distribution, it is easily.found that if a (two-dimensional) scatter 
diagram consists of n observed pairs of values (4 +¥4)> hos (X+Yy)> then the joint distribution 
of the sample means, (x,y), has the probability density 


— se n n —2 aa —2 
P,, (x.y) oral exp [-37q t* m,,—2xym,,+y my 4}] ; (5.758) 


2m |M| 


where M is the moment matrix of the parent distribution with elements 


(M);; =m =m i do Sages e (5.7.2) 
and 
= tee el Peyr 
2 Ee z= Xo y=— Z y;: (557.5) 
i=4 Misi? 
The sample moment matrix elements are 
= 2 Fie Se: 
M44 =o, (x) = = (x; — x) 5 (5.7.4) 
int 
= = fae os 
= 2 ea cays 
M5. = %, (y) = = z (y; —y) 2 (SG) 
i=1 


*See Cramer, op.cit., p.325. 
tSee, for example, Cramer, op.cit., Part Ill. 
**Cramér, op.cit., p.397. 
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Their joint distribution is independent of that of the sample means and has the probability density 


eee ee e- 
sn omin casV lasor F Melboa! F 4 





'(m,,,m,5,m,,) = 7s exp [—- >>; (m,,m,,-2m,,m,,+m,,m )] 
Fa™442™422™22! © 4aT(n—2) (jm) @-4)72 2[M] 22744 4204205 4422) 
(5.7 2) 
if 
= s SD aes ee 
m,,>0 : Mm, >0 A and My> < 11™22—- (5.738) 


The probability density vanishes for values of its argument which do not satisfy (5.7.8) 

The above distributions can be used to find probabilistic relations concerning the "accuracy" 
of the scatter diagram characteristics. In particular, formulas will be derived that apply to the 
two-dimensional scatter diagram corresponding to the prediction of missile impact point on the 
earth's surface. To simplify the calculations, however, only relations concerning the individual 
sample means and sample moment matrix elements will be derived. No formulas relating to 
joint probabilities will be given. 

From equation (5.7.1) it follows that 





(Tp, @7 = 2 exp | = ead (5.7.9) 


(1) 
Py Gs) = ~ sa 
44 


a 
Hence, the probability that |x|, the absolute value of the Sample mean, exceeds eo(x) is given py? 


€ /m 








fT g4 
5)” (lel >< fe yaa £2. a exp [-52— x”] ax (5.7.40) 
a a4 m 27m ™44 
a ase {| 44 
4 enn $2" 
spat fe dz (5.7.44) 
N2a a, Nn 


For a scatter diagram with 100 points, the probability that |x| is greater than 0.10(x) is only 

0.32. Since the mean of the parent distribution is assumed to be zero, this result shows, in effect, 
that the probability of the difference between the sample and parent means exceeding 0.10(x) is 0.32 
Corresponding probabilities for other cases are easily found from a table of the normal probability 
integral. Also, similar statements can be made with respect to y, the only difference being 
that o(x) is replaced by o(y). In general, the above indicates that the probability of the sample 
means differing appreciably from the parent distribution means is small for scatter diagrams of 


400 points. 


To obtain appropriate statements for the sample moment matrix elements, note that 


* For a discussion of sample distributions corresponding to k-dimensional scatter diagrams, k= 1,2,..., see Cramer, 
i p P ; 
op.cit., p.405 


TtNote that o2(x) =m), i.e., o(x) is the (true) standard deviation of the random variable x. 
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2 y(n-4)/2 


ee 


io ae 
dm, (m,,M>,—my4> 





ne 72 ie aig, J 














pit)! (m 2 
44) (n-1)/2 
~ 4aP(n — 2)(|M|) — 
eS fei 
* exp [— a7 ygy (2244 — 2mf>m,> + my ,m,)] Sethe 
The integration with respect to M,> can be performed most easily by letting 
m 
ee ; (5.7.43) 
waar fae © 
and by using the result 
Ay 
(52) a Vase t 
J, (2) = —4,—_, 5 Gat “Sea | (5.7.14)" 
Mv + 5) TG) 
where 
yop Bap gg eg Mae + Pog 
= a 2 + v= (55745) 
|M| 2 
The m,, integration is easily done by changing variables so that 
ean 5.7.16 
=M,, - (5.7.16) 
Then by using the fact that 
20 yA v 2 2 
‘ tate hae he oe -a"/4p (5.7.47)! 
2,v+4 
° (2p) 
vhere 
nm 
‘ 42 — z -—3 
Oe EE er et”, = 3yMy 1 Pe : tee 
(n-3)/2 ep iy, 


the following result is obtained 
(n-1)/ 2n rs —2 
n=!) rd) = 


(2n) 
vie 


p(t)! er 
44 4nT(n — = 


Therefore, the probability that the ratio, m,,/m,,: lies between 1 —¢« andi + is given by 
Ate 

(n-3)/2 .-(n/2)t gy 

* 


(2ny(9-40/2 ps 2y py 
4x0 (n — 2) ie 
(5.7.20) 


(1) (m,,(4—<) <my, <m,, (1 + €)) = 


* See G.N. Watson, Theory of Bessel Functions (Cambridge University Press, 1944). 
, p-233 ff.) 


t Watson, op.cit., p.394. 
**Note that this is a x°-distribution. (Cramér, op.cit 
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The integral in equation (5.7.20) can be put into the form of a difference between two incomplete 
T functions by substituting 


mest. (5.7.24) 
Thus, : : , ; 
(4) — ., f/f nt + € n—- n(i —e€ n—3 
Pp m,,(4—¢€)<m,,°<m,, (4 + €)) = 1/————+ , = >=) -1(—“#_"_ ~,, Be 4 
n ( 44 a4 44 ) fea ) ( ita 1) 2 ) 
(S722) 
where 
uNp+1 xP e* a 
Et) 
I(u,p) = ; otera (5.7.23) 
can be obtained from standard tables + 
For a 100 point scatter diagram with ¢ = 0.1, the above leads to 
' m 
Pio (0.9 rere 1.4) Sa (5.7.24) 
tf 
Hence, 
(4)' 7100 ) 
Pyoo 0-95 Gay < 1.05) #05 (5.7.25) 


In other words, for a 100 point scatter diagram, the probability is 0.5 that the standard deviation of the 
sample, 7100 (x), has a value within 5 per cent of a(x), the corresponding standard deviation of the 
parent distribution. Asafurther example of numerical probability statements note that for € =0 eels 
7400 (*) 
a(x) 


(4) ™44 (4)' 
P4090 Ors 44 4.3 *~ P4009 0.85< 


These same statements apply to the relationship between 71009 (y) and o(y). 

It might also be noted that a different, and perhaps more meaningful, type of probability 
statement can be obtained through the use of the method of confidence intervals” * With this 
method limits can be found such that, for example, 


< 1.45) 0.97. (5.7.26) 


he (c, (m4) <m,,< c, (iy 4)) SMe! (5.7.27) 


where c 4 and c, are functions of the sample moment matrix element. Thus, for a given € andn, 
limits (not necessarily unique ones) can be found for which the probability that the moment matrix 
element, mM44> of the parent distribution lies within these limits is 1— ¢. The values of the 


limits will, in general, be different for different sets of n sample scatter points.!T 





* Note that 
gn-3 rc - 2) re - 1) 





2 2 
va T(n— 2). 


TK. Pearson, Tables of the Incomplete I Function (Cambridge University Press, 1944). 
**Cramér, op.cit., Chapter 34. 


il 
= 


ttNote that the method of confidence intervals is more general than might be inferred from this illustration. For 
example, similar joint probability statements, with respect to all the moment matrix elements, can also be made 
by using the method of confidence regions. 
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CHAPTER VI 


APPLICATION OF THE ERROR ANALYSIS OF THE ML METHOD 
TO N-SITE RADAR SYSTEMS 


6.1 INTRODUCTION 





The error analysis of the ML method described in Chapter III has been extended to include 
the case of N separate radars, each arbitrarily located on the earth. These radars are assumed 
to observe the same missile. Each can take any number of measurements of the following four 
types: azimuth angle, elevation angle, range, and range rate. There is no restriction on the 
relative times at which the different radars make their measurements. Further, the formulae 
derived below are not only applicable for an error analysis, but can be used with minor modifi- 
cations to implement, for an N-site radar system, an ML prediction method of the type discussed 


in Chapter II, Part I. This latter application will be treated more fully in Part III, Chapter II. 


6.2 CALCULATION OF THE Z MATRIX 


The generalization to N-site radar systems produces one major calculational change from 
the error analysis of single-site systems. This involves the calculation of a new Z matrix. (It 
will be remembered that the Z matrix, introduced in Chapter III, is defined such that Z. 
ox; (z)/az., i=1-> 4, j = 1 > 6, where the x; denote the four iunctions, 8, a, r andr, a the z. 
Rents the intermediate set of variables p, 8, p, 9, By » and 5, -) In the present case the set x 
will also contain four different functions. However, dase foes will now depend not only 
on the trajectory parameters and the independent variable, t, but also explicitly on the radar 
location. To derive these new functions, changes of definitions must be made which will be 
appropriate for the N-site case. For convenience, the North Pole is taken as the reference point 
with respect to which the plane of the trajectory is described. The location of the nth radar 
(n = 1 >N) is defined by its colatitude, in), and its longitude i), In order to maintain con- 
sistency, azimuth angles will always be measured clockwise (when looking down onto the radar 
site) with the radar longitude line segment north of the radar as the origin, or zero azimuth 
direction. (See Figure 6.1.) A straightforward application of the formulae of spherical and plane 
trigonometry, coupled with the definitions of Figures 6.1 and 6.2, then leads to the general ex- 
pressions for three of the measurement functions. The fourth, that of range rate, is obtained 
from the range by differentiation. Thus, with the superscript denoting the radar site, it is seen 
that 


(n) 





: ; F (n) 
y sin® cos (gs —*''n) + siné  cos® sin(gp. — ‘’’n) 
()9 = sin”! see es ae NER 
sin /0 
(n) 
OP cnn? |? oa Sot eon Mak ie (6.2.2) 
r 


(n),. = {41 + p* — 2p cos (n) 51 4/2 
(n) 


(6.2.3) 


> 





t= Ty le — cos) p—picos sy}, (6.2.4) 


by 
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TT' = Intersection of trajectory 
plane with earth's surface. 
(The arrowhead indicates 
missile direction of motion.) 


N = North Pole 
NS = Greenwich Meridian 
No = nth radar site 
ND= 5, 
Py = Intersection with earth's 


surface of line from center 
of earth to observation 





point, P 
NP, =6 
Mop, 2, (n)s 
NM = (), 
(All arcs represent great circles) Lsno = (n), 
P;D= 6-1 
LSNP; =B 


Fig. 6.1. View of the surface of the earth. 


(n) 


P = Missile position 


(no = nth radar site 
C = Center of earth 


(No ¢ 


3-312-3878 


Cc 


Fig.6.2. View of the plane determined by the missile position, the nth radar site, 
and the center of the earth. 








where 


cos (n)5 = —cos 6, cos © cos in), +sin i), {-sin 6, cos © cos (6,—""n) +y sin® sin (6,— m)} 4 
(6.2.5) 

and (n) 
(cos ™s) = (e") *, (6.2.6) 


The quadrant of the arcsine in equation (6.2.1) is determined from the sign of its argument and 
from the sign of 


(n) 


cos 5, cos 8 + cos (n)5 cos 


The factor y, which distinguishes between the two possible directions of missile motion, is de- 
scribed in Part I, Chapter V. In brief, y = +1 for the direction of motion indicated in Figure 6.1 


g 


cos (gy) = Tae 


sins sin ) 


and y = —14 for the opposite direction of motion. 

The Z matrix elements are easily derived from the above equations by partial differentiation. 
The results are presented in Table aoe For convenience, © = Q(a,t), was used to represent the 
independent variable, t. Also note that all elements of this Z matrix are to be evaluated at al?) 
f.e.,, all the a,'s above implicitly stand for ahs. This matrix, of course, reduces to that for 
the single-site system when (n), = ei =0. 

The rest of the development of this error analysis follows in close analogy with that for the 
single-site system and will not be included here. 





*Note that if in), =0, he is undefined and Table 6.1 is inapplicable. 
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TABLE 6. 1 
THE Z MATRIX 











ae *yi 25 


Z127= 8 fF cos 8 cos (8, - (n),) — sin8, sin@ sin 6, - (n),) = P— cos (n)g 
(n), 
(n) 
a tS 
“36 | _? a cos )s 
dz. 
i=3, 4 re. 


ny ); 


=p- (cos —wyr 2 yo 


Zi5= 8 |- x sin6 sin (6 — ),) + sin8, cos® cos 6, - oy | 7 


(n) 
8 cos * 5 
ro hgats | 


° 


Z14= 8 css, cos @ sin 6,- y+ tgs 


sin’ 8 n)s 
TON 


In the above 


“at a [(sins) n)gy2 -(y sin® cos (8, = one + sind, cos@ sin (B, - ( ny) )*| 172 


[y sin® cos 6, - (n),) + sin&, cos 9 sin 6, ~ ),) cos (n)g, 
* + (n)ey2 
[ 


sin 
(n) 
dons = cos8, sin ® cos ino + sin (np [sin, sin 8 cos (B, — ),) + y cos@ sin 6,- ),y 


: cost 's = sin py [sin &, cos @ sin (B, — (n) n) +7 sin® cos (8, — “i mI 
° 


(n) 


(n) 
a 98. 6 $-—sin (n)y cos8, coxGrece 6,- (n),) 


= sin 8 cos 8 cos 


+( ‘ 
a {cos ns) Ze cor ()56 


2 legs 6) = si in sin, sin@ sin 6, - ),) + y cos 6 cos Cre ané 
° 
s 


(A . 
2 (cos) = - sin 5, sin® cos (m)y + sin fn), cos&, sin ® cos 6,- 6 
‘0 


*Note that 233 = Z54 =0 


Note: All the above are to be evaluated at a= @), 
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CHAPTER VII 
AN ERROR ANALYSIS OF RESTRICTED ESTIMATES 


7.4. INTRODUCTION 


As mentioned in Part I, it is sometimes of interest to make predictions subject to various 
restrictions. For these situations, only trajectory parameters that satisfy the restrictions are 
considered as possible estimates. The effect, therefore, of these restrictions is to reduce the 
number of independent parameters describing the trajectory. Quantitatively, the number of in- 
dependent parameters is reduced by one for each independent subsidiary condition employed. 

A method of modifying the ML estimator to incorporate restrictions is described in Part I, 


Chapter VIII. In this chapter, an analysis of the parameter errors implied by this restricted 


ML method will be developed. The corresponding prediction errors can be determined from 


these in a manner described in connection with the error analysis of the unrestricted ML method. 


7.2 PROBABILITY DENSITY OF PARAMETER ERRORS 


In the determination of the probability density of parameter errors, use will be made of the 
restricted ML method developed in Part I, Chapter VIII. From the discussion preceding 
equation (8.3.4) of that chapter, it is seen that the restricted estimates are found from the solu- 
tion to the following equations. 


EN*[x(a)-y]+Ba-0 , (7.2.4) 
bla) = Ole (7.202) 
where 
ab, (a) 
(B);; = a, », istem , jeiten . (7.2.3) 


Equation (7.2.2) contains the restrictions. The number of such independent scalar restrictions, 
i.e., the number of components of b) is assumed to be m. The A of equation (7.2.1) is the column 
matrix of Lagrangian multipliers and has the same number of components as b'. As stated in 


Part I, m must satisfy 
mo i} (7.2.4) 


where n is the number of independent parameters of the (unrestricted) system. Together equa- 
tions (7.2.4) and (7.2.2) represent n + m equations in the n+ m unknowns. The unknowns are 
composed of the m Lagrangian multipliers and the n parameters. By decomposing the rectan- 
gular X and B' matrices into square and rectangular components (see equations (8.3.6) through 
(8.3.9) of Part I), the Lagrangian multipliers can be eliminated from equation (7.2.1) leaving 


(n —m) scalar equations. 


Pa fa) eed) = Mareen £ 
fl(a) = Raed a formn)e ee (mje IIIT a 3 seeing 3 LE (7.2.5) 
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The solution to equations (7.2.2) and (7.2.5) yields the restricted parameter estimates. 
The errors in the parameter estimates, denoted by a, will be found as in Chapter II, by 
using a linear approximation method. In this method, y is written as 


y=xa) +n, (7.2.6) 


(0) 


with the measurement column matrix, y. Equations (7.2.2) and (7.2.5) are then expanded in 


where a’ ’ represents the true parameter values and n the noise column matrix associated 
Taylor series in @ and only linear terms are retained. Terms involving the second derivatives 
of the measurement functions, x, and of the subsidiary conditions, b', with respect to the paramete 
a, are also neglected. Thus, 


fila) =o f(a) + Fa) a , (7.2.7) 


and 


b (a) =0% b'(a!°)) +BYal)) a, (7.2.8) 


where F' is defined in equation (8.3.14) of Part I. By decomposing F', as in equations (8.3.16) 
and (8.3.17) of Part I, and by decomposing a@ such that 


myth, =fa-a, ste 5 1=a-m (7.2.9) 


; =n Sai ©, =m (7.2.40) 
the following expressions for the parameter errors can be obtained. 


(m)2 = ST i Ce (n-m)& Fr. b'} , (V.20TR 


By! spe | ae By b'} . (7.2.42) 


(n-m)* "5 {myEl(m) (n-m)2 Si{n-m) (m)="(m) 


(The common argument of all the matrices, except a, in the above two equations and those that 
follow is al?) ) 
The symmetric moment matrix for these errors in restricted parameter estimates is 


denoted by at) and is determined from 





()y. = Gia ow ee ee 
(A Oe! a a ag 4 Lj =a ams (72.439 


To evaluate the elements in terms of more basic quantities, note that 


= a Gas 5 sini S -4 
ot eme  neneime! im (7.2.44) 
and 
~ ae Ave ead a = 
(i= S Vigne = aemielimne! (m)ot N tj ’ i =™m™ or (n — m) 


(7.2.45) 
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Now, defining a restricted J matrix as 


(2pe = = 
(n-m)Z °F (n-myE ~ (mE! (myB)  (n-my® = (n-m)Z AS bes 
leads immediately to the relation 
a (r)j,-4 “1,1—~1 si-1 ~ (r),-4 
(n-m)2(n-m)& = ORI ae (m)El (mB! bb Cm) B! tn) aia) IPs; 
(7.2.47) 
Since 
i SE (r).-4 i 
(n-m)2% =ln-myZ 1] myElay BI BP - (7.2.18) 
it also follows that 
es et ace sl es an [ Feed 
Un-m)* ~ (n-m) 2! (n-m)® ~ (n-m)®! = (n-m)2(n-m)2 ~ (n-m)2 (n-m)2 * n-myZ 
(7.2.49) 
Similarly, 
ak cael Ge ela Be a ee eft B[ gy Br? 
(m)— — (m)=*(m)= ~ (m)=*" (m)=(m)= ~ (m)=(m)=~'(m)=2 (n-m)="(n-m)= (n-m)=*(m)> 
(7.2.20) 


and 








[n-m)® ~ (n-m)2 (mm) — (ma)®) = (nm) 2(m)® ~ (nm) %(m)% =—\n-m) 


By considering the definitions given in equations (7.2.9) and (7.2.10), it is seen that the above 


three equations suffice to determine all the elements of the moment matrix, af), In terms of 


this matrix, the probability density of the parameter errors is 
4 


NV (27 fa | 


where @ is determined from equation (7.2.18) and 


pla) exp [-} (a - ata" 7" (a — a] 


a@+b'} 


———- =41 cence 
(m2 = —(my2) ” t (nm)B(n-m) 


It is interesting to note that these parameter errors are biased, i.e., 


means, unless the restrictions imposed by equation (7.2.2) are satisfied by the true missile 


parameters (b'(a!)) = 0). 


For cases in which the m scalar, subsidiary conditions only depe 


(m)2 (and not on any of the 


matrix results. 


(n-m 
In particular, 
ab; (a) ; 


da. a 
J 





2 2 


Jom en 
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cy) 


2). a considerable simplification of the parameter error moment 











(r))-4 Br By 
eT (nem) EL (ny) 


Pascal) 


(72822) 


2 


(7.2.23) 


they do not have zero 


nd on the m parameters, 


(7.2.24) 





and, hence, 





ae oer! (7.2.25) 
This equation clearly implies that 
T 
treme? = remy ® (nem) 2 (nem! ° (7.2.26) 
(n-m)°(n-m)® ~ (n-m)“(n-m)* * ie , (7.2.27) 


and 


(n-m)® = line m2) oe m)=N (onl(mjBl 2 : (12am 


The other elements of a) vanish. Thus, the probability density of the parameter errors, (n-m)= 
will be given by 


es 4 (r)')-4 
Pacaaa * eam AGT) ex? [5 Unemyt ~ (aemye lA I" IneenySt~ (emmy + 
7 —- 
(7.2.29) 
where at) is a matrix of order (n —m) with elements 
tal?) hj rs poe Sig ; i=. (n — m) - (7..2:308 


The estimates of the other parameters, (m)2? are independent of the noise and are found simply 
by inverting equation (7.2.2). In this case, the errors in the restricted estimates of (m)2 are 
constant. In particular, 


Gn) ~ [mB b' (7.2.34) 


These latter errors, of course, will vanish if the restrictions are actually satisfied by the true 


missile parameters. 
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PART ii 
ANALYSIS OF: SYSTEMATIC ERRORS IN PREDICTION METHODS 


CHAPTER I 
GENERAL DISCUSSION OF SYSTEMATIC ERRORS 


4.4 INTRODUCTION 


In the description of prediction methods given in Part I, a simplified model of the earth is 
used which leads to the consistent neglect of certain important geometric and dynamic effects.* 


These can be separated into three main categories: 


(a) Effects due to the rotation of the earth, 

(b) Geometric effects due to the non-spherical surface of the earth, 

(c) Dynamic effects due to the non-spherically homogeneous mass distri- 

bution of the earth 

Each of the above, if ignored, will cause a systematic error in prediction.” In particular, since 
points on the earth's equator move approximately 1000 n.m./hr neglecting the earth's rotation can 
lead to errors in position prediction of several hundredmiles. The neglect of the remaining two 
effects ph aly moat? errors in position prediction. Each of the latter errors is, in general, less 


than 25 miles. The errors in impact point prediction, on the other hand, are essentially pro- 


portional to 1/sin ay, where ay is the inclination of the trajectory tangent to the horizontal plane 
at the impact point. Hence, the systematic impact point prediction errors can be quite large for 
grazing incidence. 

It is the purpose of Part III to describe the effects listed above and to indicate procedures 
for altering the prediction methods to substantially eliminate these systematic errors. The re- 
mainder of this chapter is devoted to the qualitative discussion of these effects, with the quanti- 
tative description of their elimination being given in Chapters II through IV. The various elim- 
inations are, for convenience, treated separately. However, the changes in the measurement 
functions necessary to employ a "pure" ML method could, of course, be made simultaneously 
for all three effects. 


4.2 ERRORS DUE TO NEGLECT OF EARTH ROTATION 


In the prediction analyses it is assumed that the radar site is located on the surface of a 


non-rotating earth. This can lead to large systematic errors of two types: 


(a) Errors in parameter estimates due to the assumption that radar measure- 
ments are made with respect to a non-rotating earth, 





*A more refined model is not used in Part |, because the complications added would obscure the main aspects of 
the prediction methods. 


7Dynamic effects due to the presence of other astronomical bodies, e.g., the sun and the moon, have been 
estimated and found to be extremely small. 


** The systematic error in impact point prediction, due to the neglect of air drag on the missile during the 
re-entry phase of its flight, has not been considered because the effect depends critically on the shape of the 
missile. For many shapes, however, the drag will probably introduce an error of the same order of magnitude 
as that introduced by the last two effects considered above. 


TiThis figure is, of course, dependent on the configuration and estimation method under consideration. 
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(b) Errors in prediction due to the missile position and impact point being 
given with respect to a non-rotating earth. 

Type (a) can be subdivided, for conceptual purposes, into two parts. The first includes errors 
caused by the radar being at a different location with respect to the trajectory plane at each ob- 
servation time. (In particular, if there are N times of observation, the position measurements 
become essentially those of an N-site radar system.) The second part includes errors which 
result from the doppler measurements containing contributions proportional to the angular ve- 
locity of the earth. Both these types of errors can be eliminated by expressing the measurement 
functions, x(a,t), in terms of the rotating system. In doing this, it is convenient to use the North 
Pole as a reference point on the earth's surface from which to describe the trajectory plane. 
(With this reference, the parameters 6, and 6, will be time independent.) The detailed ex- 
pressions for x(a, t) in the rotating system are more complicated than the corresponding ones 
for a non-rotating earth. 

Another method of eliminating these errors consists of adjusting the values of the meas- 
urements themselves so that the forms for x(a,t), valid on a non-rotating earth, can be used. In 
other words, the measurements made on the rotating earth can be "corrected" to resemble 
those that would have been taken were the earth stationary. The necessary corrections for the 
values of the position measurements, (Bi ,0;',7;'), are easily calculated as they merely entail 
expressing a position vector of the missile in terms of a different set of spherical coordinates. 
However, in adjusting a doppler measurement, ri. difficulties are encountered since this 
measurement represents only one component of a vector and it is impossible to determine from 
this an equivalent value for a doppler measurement taken at the same time from a different site. 
An equivalent doppler value, even with zero noise, can only be determined approximately. Of 
course, the approximation is better the smaller the separation between sites and, if the total 
time interval within which measurements are taken is short enough, this method can be useful. 
More precisely, the interval should be such that the systematic error incurred in adjusting the 
measurements is not large compared with the random errors associated with these measurements. 
It should be noted that if (preliminary) estimates of the parameters are available these can 
also be used in the determination of corrected values for the doppler measurements. (See Chap- 
ter II for a detailed discussion of this approach.) 

The complete elimination of errors of the second type listed above is quite simple. It is 
merely necessary to give the position of the missile as a function of time with respect to the 
rotating earth. As is shown in Chapter II, the expressions required for this are not very com- 
plicated. 


4.3 GEOMETRIC ERRORS DUE TO NEGLECT OF EARTH OBLATENESS 


In Part lit is assumed that the surface of the earth is spherical. Hence, certain systematic 
errors are containedin the prediction analyses due to the fact that the earth's shape is not spher- 
ical but instead resembles an oblate spheroid. These errors can be separated into two classes: 

(a) Errors in parameter estimates due to the assumption that the radar 
measurements are made from the surface of a sphere, 


(b) Errors in prediction due to the missile position and impact point being 
given with respect to a spherical earth. 
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To determine the systematic errors introduced in the measurements and to eliminate them, 
it is necessary to establish both the manner in which directions are defined and the variation of 
earth radius. With the vertical at the radar site defined by the direction of a plumb line, it is 
shown in Chapter III that the systematic errors in elevation angle measurements are never 
greater than about .2°. Similarly, it is found that the maximum variation in earth radius from 
a suitably defined constant for the radius is approximately 6n.m. Formulae which can be used 
to correct the measurements for these small systematic errors are given in Chapter II. 

The elimination of the systematic error in impact point and impact time prediction can be 
made by using a linear extrapolation of the missile's motion between the impact point on the 
sphere and that on the (true) earth surface. The missile position as a function of time with re- 


spect to the true earth surface can also be determined easily. 


1.4 DYNAMIC ERRORS DUE TO NEGLECT OF EARTH OBLATENESS 


In the prediction methods described in Part I, the gravitational field of the earth is assumed 
to be that of a spherically homogeneous mass distribution. This distribution gives rise to the 
well-known inverse square law force field. Actually, the earth's gravitational field departs 
slightly from this due mainly to the oblateness of the earth. The trajectory of a missile is there- 
fore not elliptical, and systematic errors in parameter estimates and in prediction of missile 
position are made by ignoring the deviation of the earth's gravitational field from that of a spher- 
ically homogeneous model. 

Unfortunately, it is not quite clear precisely what the gravitational field of the earth is. 
There are several different models which supposedly yield adequate approximations to this field. 
However, if only a first order correction to the inverse square law field is desired (which ought 
to be more than sufficient for practical purposes), an expression can be chosen for the gravita- 
tional potential which is essentially independent of the model used. In particular, it can be as- 
sumed that the potential field is of the form 


2 
4 é 3z 
Ves s+ 1- 5) j 5) 
p 2 ( s” 


where p is the distance from the center of the earth to the point of evaluation, and z is the com- 

ponent of p along the polar axis of the earth. € is a dimensionless quantity with the approximate 

value of 1.09 x Pag This potential is probably accurate up to terms of the order of magnitude 
2 

ofc. 


To determine the systematic error inherent in a prediction based on the potential 


Nee (1.4.2) 


it is assumed in Chapter IV that the actual position and velocity of the missile are known at one 
point in space at a giventime. This point is called the observation point and is, by definition, 
on the true missile trajectory. Through this point there also passes an elliptical trajectory 
(called the osculating ellipse at the observation point) which is a solution to the equations of mo- 
tion for the potential of equation (1.4.2). By definition, the position and velocity of a particle 


traversing this elliptical trajectory coincide, at the observation point, with those of the particle 
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traversing the actual, non-elliptical trajectory. The systematic error in missile position is thus 
given by the separation,at time of prediction, between the point on the actual trajectory and the 
point on the osculating ellipse. In practice, this analysis may be used if the estimated elliptical 
trajectory is based on observations made over some short total time interval. If observations 
made over a long period of time were to be used instead, without correcting for the systematic 
error here discussed, an elliptical trajectory appreciably different from the osculating ellipse 

at any actual observation point would be obtained. It is assumed in Chapter IV that such is not 
the case. 

As is described in detail in Chapter IV, a computer program is now being written for 
M.1.T.'s Whirlwind I digital computer which will enable a determination to be made of the vector 
separation of points on the true trajectory from the corresponding ones on the osculating ellipse. 
The data eventually to be produced from this program will be in the form of a table of vector 
corrections to predictions of position which are based on the ellipse solutions. These data can 
be tabulated for many different orbits and theoretical observation points so that for any possible 


orbit and observation point a correction can be found by interpolation, 
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CHAPTER II 
ELIMINATION OF SYSTEMATIC ERRORS DUE TO NEGLECT OF EARTH ROTATION 


2.4 INTRODUCTION 


Neglect of the earth's rotation in the prediction methods described in Part I clearly causes 
systematic errors in parameter estimates and in prediction functions. These are due to the 
facts that 

(a) With respect to the plane of the missile trajectory, each radar site 
moves between sets of measurements. 


(b) The range rate (and angular rate) measurements have a more compli- 
cated functional dependence since measurements are made from a 
rotating coordinate system. 


(c) The prediction of missile position with respect to the earth is affected 
by the earth's rotation. 


Various methods of eliminating the errors, each suitable for certain situations, are developed 
below. In particular, the forms of the measurement functions corresponding to measure- 
ments made from an arbitrary site on a rotating earth are presented. The time expansion coef- 
ficients of the measurement functions, appropriate for a rotating earth, are also discussed as 
is an approximate method of correcting measurements to correspond to those that would have 
been made were the earth stationary. Finally, the change in prediction of missile position nec- 


essary to account for the earth's rotation is described. 


2.2 FORMS OF MEASUREMENT FUNCTIONS 


The forms of the measurement functions, appropriate for an N-site radar system on a rotating 
earth, are easily derived.* To facilitate the derivation, the definitions described in Chapter VI, 
Part II are adopted here. The location of the nth site (n = 1 > N) is denoted by its colatitude, 
(ny and its longitude, (n),), Longitude is measured from a meridian fixed in an inertial frame, 
This longitude can be chosen, for example, to coincide with the Greenwich Meridian at the time 
of the first measurement, ty + For convenience ty will be set equal to zero. The North Pole is 
used as the reference point with respect to which the trajectory plane is described. Azimuth 
angle measurements made from each radar site are referred to the segment of the radar site 
longitude line which extends north from the radar. All azimuth angles are measured clockwise 
(when looking down onto a radar site). 

From Figure 2.1, where the relevant quantities are exhibited pictorially, it is easily seen 


that the azimuth angle function for the nth radar, (n)q has the form 


*For the purposes of this development, the earth is assumed spherical in shape. 


TNote that any other time can equally well be used. 
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TT' = Intersection of trajectory plane with 
( YP i 

earth's surface. (The arrowhead in- 

dicates missile direction of motion.) 


N = North Pole 


NS = Greenwich Meridian fixed in inertial 
system at time of first measurement, 
t, =0 
1 


(Mo = Location of nth radar site with respect 
to NS at time t 


ND=6 s 
P_ = Intersection with earth's surface of 
line from center of earth to observation 
point, P 
NPr =6 


— (n) 
Mop, = \%5 
NNG = (n), 


LSN(9 = (n),, — ut (w is the angular velocity of 
the earth. The negative sign 
signifies that the earth rotates 
from "west to east.") 





(All arcs represent great circles) 


PD =O0-T 
LSNP, = B 


Fig. 2.1. View of the surface of the earth. 
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n) 


y sin® cos (B, - (n),, + wt) + sin 5, cos 8 sin (8, = 


ily = aint { “ } , ear 
in), 


sin 


7 + wt) 


where (n)5 is determined from 


cos ™5 =—cos 6, cos® cos") g + sin (n)y {sind cos © cos (B, — in), + wt) 


+ y sin® sin(g, — + uty}. (2.2.2) 


The quadrant of the arcsine in equation (2.2.1) can be determined in the usual manner from the 
sign of its argument and from the sign of cos (gy, 


(n) (n) 
cos6é_ cos® + cos* 6 cos‘ "¢ 
cos (™) gy == 2 





(2.2.3) 
sin (n), sin (n) 4 


The factor y in the expression for (n) , is described in Part 1, Chapter V. Briefly, y = +1 for 


the direction of motion such that # > 0 and y = —1 if B < 0. (For the direction of motion indicated 
in Figure 2.4, y =+41.) y can be determined explicitly from the experimental data. Thus, 
Bi} — B: 
it cs ai ee ye (2.2.4)7 


c hos ; 1 J 
1a! — 8 | 
where the £'’s are found from 


(n) 


(n) ! 
cos" '6.'— cos6,' cos’ "¢ 
cos (8; — (n)) + wt;) ee . (2.2.5) 


sin 6; sin 


$ 


sin (mes sin (27 — m5) 





sin (6; _ (n),, + wt;) = mo a : (2.2.6) 
cos 6; = cos Me cos (nr), + sin in) sin indy cos (Mp) 3 (2.2.7) 
and 
(n) , (2) 
4+ r.' sin RJ 
cos in)e = : = (2.2.8) 


c+ (Mp 09? + 2m), sin mgs 


(The last equation follows from Figure 2.2.) For cases in which 5; vanishes (missile over the 
North Pole) the above formulae break down, but the direction of missile motion can then be de- 
termined easily from ay and Bi, and vice versa. 





*In deriving this equation (B — O),+ wt) has been written as (8 — BL) + 6,- ), + wt). Also note that if 
ng = 0, h)g is undefined and Table 2.1 is inapplicable. 


TAs discussed in Part I, mn). denotes the measurement value corresponding to pq). Similar definitions apply 


to the other measurements and to functions derived from them. 
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a 


3- 312-3880 


(n), 


P = Missile pasition at time of observation 


p (o = Position of nth radar site with respect to 
an inertial system at time of observation 


(n) Ge C = Center of earth 


Cc 


Fig. 2.2. View of the plane determined by the missile position, the nth radar site, 
and the center of the earth at the time of observation. 


The forms for the elevation angle and range functions follow immediately from Fig- 


ure 2.2; 


i ee | feta } 0< My ct ; (2.2.9) 
( 


n),. 


a(4 Sai 


= {14+ F—2zpcosMg 4/2? |» “T¥Fe cos(o—O) 
oO 


(2.2.40) 


The fourth function, that of range rate, can be obtained from equation (2.2.10) by differentiating. 


(n);. = AR {(p —cos (n)5) p — p(cos 5)} f (2.2.44) 
r 
where 


‘ (n) f 
(cos (n)5) = (22088) 0+ w sin (1), {sin us cos 8 sin (6, - {n),, + wt) 


0), + wt)} (2:29 


+ y sin® cos (B, - 











In view of equation (2.2.1) and the identity 


ml, sin '™)s.= cos ™q (2.2.43) 





the formula for the doppler velocity can be written more conveniently as 


(n) 
fa), . 4 {ete — cos ()5) — pe (295-9) — wsin ny sin (2), con ™ a . 


(2.2.44) 


The above expressions can be used in the appropriate prediction methods of Part I in place 
of those derived for a stationary earth. In particular, this generalization to an N-site radar 
system on a rotating earth can be used in connection with the prediction method described in 
Part I, Chapter Il. (The method referred to is the variant of the Newton-Raphson iterative method 
in which terms involving second derivatives of the measurement functions are neglected.) Only 
one major calculational change is required to adopt that method to the more general situation. 
This change involves the calculation of anew Z matrix. (See Part II, Chapters II and VI.) 


ax; (z) 


ZZ. = 
i oz. < 
’ J 





iz=ir4 , jrire . (2.2.45) 


in), (n),. and ">. The 2, 


correspond to the intermediate set of variables p, 0, p, 0, By and 65: These new Z matrix ele- 


In this equation the x; now denote the four functions (nm), 


ments are easily derived from equations (2.2.1), (2.2.9), (2.2.40) and (2.2.14) by partial differ- 
entiation. The results are presented in Table 2.1, where © = O(a, t) is used to represent the in- 
dependent variable, t. The other aspects of this generalized prediction method parallel exactly 


the corresponding stationary, single-site method and therefore will not be presented. 


2.3 TIME EXPANSIONS OF MEASUREMENT FUNCTIONS 


In Part I, Chapters IIland1V, iterative prediction methods are discussed which make use of time 
expansions of measurement functions, andof functions of the measurement functions, The lowest order 
coefficients in these time expansions are chosenas the six trajectory parameters, In particular, for 


the method of Chapter III, the measurement functions for a single-site radar system are written as 


(mn) oh 2. .(m) an 
B; = B(t;) = <5 B (t) T; eee oF a (t) T; S (2354) 
m= bat oe 
* hk © (m+) 
r; = ie © ) T; s a = ae r (t) Tj é (25332) 
m= m= 





MS Osdiae (2.3.3) 
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TABLE 2.1 
THE Z-MATRIX 


21, =9 


Zi0= By cos 6 cos (6, - ),, + wt) — sin §, sin 8 sin (6, - ),, + wt) +C a 


Zi; =0, i=3,4 
i 


(n) 
Zi5- of. y sin® sin (B, - (),, + wt) + sin 8, cos @ cos (B, — ),, + ut)+C a 


Z16 = Bf cos 8, cos 8 sin 2 ), + wt)+C ees 
x sin (")¢ 
21 (),)2 


1 ~ * 
OS Sh ee lle 


p— cos (")¢ 
i eg (n), 


Bs Wi; + asin )y sin n)p cos q 


n 
r 


(n) (n) 


A le : Fy (n) (n) ery (n) 
pee B cos e6 a (S) 
i -|é = w sin oa c s] a ¥ os = ) 


r 1 


—w sin (n), [cos (ne cos ), Z);— sin )e sin ), Z| A 12,076 





Z3) + wsin ), sin r)p sin ), 25) 








TABLE 2.1 (continued) 


243-231 







Z44= 230 







In the above 


(n) 
cos * “B 1 
|eos “7B | [(sin5) mg)? —{y sin® cos (8, — mn), + ut) + sin&, cos®@ sin 6, _fn n, + wt) 2) 








_yy sin 8 cos (B. — P,, + wt) + sin, cos@ sin (B, — (n r),, + wt)] cos (n)g 


[si ey? 


sin 









= cos 8, sin® cos p + sin ™ Yep [sin&, sin 8 cos (8, — M, + wt) + y cos® sin (B, - ), + at)] 






= sin ("), [ sin &, 008 6 sin @,- tn), + ut) + y sin® cos (6, - n), + wt)] 









(n) 
a = sin, cos 6 cos ), — sin ), cos6, cos® cos (8, — h), + wt) 









a2 (cos (n)s) Sidhe, (n)g 


cI) 





(n 
eee sin ), - sin 6, sin@ sin (6, - h), + wt) + y cos 6 cos (6, - n), + wt)] 


°o 





2 (cos (") 
— = —sin8, sin@ cos i), + sin in), cos, sin 8 cos (6, - n), + wt) 


° 
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The six scalar quantities, (, B, a, a@,r,fr), describing the position and velocity of the missile 
with respect to the radar site at time t, are chosen as the parameters. The expressions for the 
higher derivatives (coefficients of the higher order terms in the time expansions) are derived 
from these parameters by using the equations of motion for the missile. Therefore, to adapt 
this method to the case of a single-site system™ where measurements are made from a rotating 
earth, the equations of motion in the rotating system will be used. These equations of motion 
are easily found from the Lagrangian which is expressed in terms of the six parameters. (The 
parameters are considered to be the generalized coordinates and velocities of the missile.) The 


Lagrangian can be written as 
L=T.-—V ; (2.3.4) 


and to determine the kinetic energy component, T, in terms of the six trajectory parameters 
note that 


Tet (Pe. Oy), (2.3.5) 
where 
5: ase ar ae (2.3.6)! 
(s)> 


‘In this equation, v is the missile velocity in an inertial (stationary) coordinate system; 
Vv is the missile velocity in the rotating system; w is the angular velocity of the earth, defined 
via the usual right hand rule; and p is the position vector of the missile with respect to the 
center of the earth. To calculate T, it is convenient to use a cartesian coordinate system 
(x,y,z), with respective unit vectors é * fk), which rotates with the earth and whose origin 


coincides with the radar site. (See Figure 2.3.) In terms of this coordinate system, it is easily 


seen that 
> . A A 
w =wsing itw cos¢ k 5 (2.357) 
2: a He ; A % 
p =+trcosacosfi-—rcosasinfj+(14+rsina)k , (25378) 
and 
> 2 . “A 
v =(+r cosa cos8—rd@ sina cosf—r £ cosa sin) i 


+(-—r cosa sin B+rdasina sing—r fcosa cos B) j 
A 
+(rsina+radcosa)k . (2.3.9) 


Applying the rules of vector algebra, and simplifying the result, leads to 


*Note that this method, i.e., this approximation to the solution of the likelihood equations, is not directly ap- 
plicable to N-site radar systems. 


tSee Goldstein, Classical Mechanics (Addison-Wesley Press, 1950), p.133. 
**Note that B = 0 in the +9 direction. 
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N = North Pole 
O = Radar Site 
C = Center of earth 


(x,y,z) = Cartesian coordinate system located 
on rotating earth with origin at radar 
site. (The y axis points into the paper.) 


(X,Y, Z) = Cartesian coordinate system fixed in 
inertial frame and with origin at center 
of earth. The (X,Z) plane is chosen to 
coincide with the (x,z) plane at time 
of first measurement. 


Fig. 2.3. View of the plane determined by the radar site, the center of the earth, 
and the North Pole. 


Gee 4 12” 6a gt mer” re cosa) — w cos ¢ [r? B cos” a] 


+w sin ¢ [(4 +r sin a) (rB cos a cos £) —(r+sin a)(r a sin p) + r cos a sin B] 


Z 


oe [ee cos a cos £8 cos ¢—[1+r sin a] sin Ps + r? cos” a sin” e|  AS53.40) 


The expression for the potential energy in terms of the six trajectory parameters is given by 


4 


4 
5,1 Stee ge . (2.3445 
P (14+r°42r sin a7? 


The formulae for 8, @, andr are now obtainable directly from the equations of motion 


= a x =0 P= Mere; a4=8 ; de" 5, q4,=r . (23324:2) 





Carrying out the indicated differentiations yields 


B= = {2(8 —w cos $)(ra@ sina —¢ cos a) — 2w sing cos @(r sina + ra cos a) 
+ wi” sin ¢ sin B [cos ¢ (4+rsina) +r sin¢@ cosa cosf]} (233.43) 
wee ra «2 . : : ; me : 2 
C= ep cos @ Sin @ + 2w[B cos @ cos @ sin a + sin $ (~ sin B + B cos acos £)] 
- ww” [\cos a cos B cos ¢ — [++ sin a] sin ¢)(sin a cos 8 cos ¢ + cos a sin ¢) 
+ cos a sina gin* 6] - ani ta ; (2.3.44) 
rp 
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and 


anh ra" + cos” a) + 2wr[—cos @ (B cos” a) + sing (6 sina cos a cos 8 — & sin 8)] 


i : 2 2 ter 
+ w* ri(cos a cos 8 cos¢@ —sina sing) + cos a sin £] 


a sin ¢ (cos a cos B cos ¢ — sina sin ¢) — zisina 3 (2.3.45) 


p 
The higher order derivatives can be obtained by straightforward differentiation of the above 
three equations. (In calculating the higher order derivatives, it is probably safe to neglect the 
terms proportional to w*.) The other parts of the development of this method are identical with 
those described in Part I, except for the calculation of the time independent parameters 


(a,e,O B.,6.) in terms of (8,6,a,a,r,r). This calculation is described at the end of the pres- 


oO’ to» oo 
ent section. 
For the method discussed in Part I, Chapter IV, the cartesian coordinates of the missile 


position are employed, and to estimate the parameters, the time expansions 


7° =(m) oo = (m) 2 in) 
x; = = a(t) a Hy * Zr. Hy Ct) a ; C= z Zz “(t} te (2.3.16) 
m=0 m=0 m=0 


are used. The six ellipse parameters in this method are chosen to be x(t), x(t), y(t), ¥(t), z(t), Z(t). 
The higher derivatives can again be found in terms of the parameters from the equations of motion 
in the rotating system. These equations can be found in the manner stated above. Thus, for the 
cartesian coordinate system of Fig.2.3, it is clear that” 


> A A A 

Raa rye hk (2.3.47) 
and 

> “A A A 

vekityjtzk . (2.3.18) 
Therefore, 

Ta S(t y+ 2") + wlcos ¢ (yx — xy) + sing (zy yz + 1))| 

2 
+ sx [(« cos @ —[1 +2] sin $)” + "| . (2.3.49) 

and 


‘Pee eet eee | (2.3.20) 


[x” ty" + (2 + 4)°]2/2 


The equations for X, y, and Z then follow immediately from equation (2.3.12) with 4, =%, 4, =y, 


and q, =z. 
¥ = 2wy cos + w" cos ¢ [x cos $ — (1 +z) sing]— 3 s (2.3.24) 
¥ = 2w[2 sing -xcosg¢]tw'y-y , (2.3.22) 
p 


*To adapt this method to an N-site radar system a coordinate system can be used whose origin is at the center of 
the earth. 
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(4 + z) 
eo 


% =—2wy sing + w* sing [(1 + z) sing —x cos ¢] (2.3.23) 
The third and higher derivatives can be obtained by simply differentiating with respect to time. 
To express the time independent trajectory parameters (a,e, 8° ae Bo: 6.) in terms of both 
the sets (8, 8, a, a, r, r)and(x, x, y, y, z, Z), it is convenient to utilize the intermediate set 
(X(t), X(t), ty. Y(t), Z(t), Z(t)). The cartesian coordinate system (X, Y, Z) corresponding to 
this set of parameters is fixed in an inertialframe and its origin is at the center of the earth. It 
is oriented such that the (X,Z) plane coincides with the (x,z) plane at the time of the first meas- 


urement, ty =0. (See Figure 2.3.) In terms of this set* 


=x cos ¢ coswt —y sinwt —(1+z) sing coswt , (2.3.24) 
=xcos@ sinwt +t ycoswt—(1+z) sing sinwt , (22325) 
=xsing+(1+z)cos¢@ , (2.3.26) 
and 
X= rcosa cos cos¢ cos wt +rcosa sing sinwt — (1 +r sina) sin @ cos wt ; 
(2.3.27) 


Y= rcosacosf#cos@ sinwt —r cosa sing coswt —(1 +r sina) sing sinwt , 
(2:53.28) 


Z= rcosacosfsing+(1+rsina)cos¢@ . (2.3.29) 


The equations connecting the time derivatives follow immediately by differentiation of the above 


(X,Y,Z) = (See Figure 2.3) 


5, = Inclination of trajectory plane 
to Z axis. (0 <55< 1/2) 


B, = Orientation of plane which contains 
Z axis and is perpendicular to trajectory 
plane 





Fig. 2.4. View of the trajectory in space. 





"ty that these transformations merely involve a rotation plus a translation and can easily be written in matrix 
orm. 
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six equations. Thus, expressing (a, e, C53 tee Bo» 7 in terms of the intermediate set of param- 
eters, implicitly expresses them in terms of both (8, 8, a, a, r, r) and (x, x, y, y, z, 2). To 

find the relations between the time independent set and the intermediate set, let the param- 
eters 55° Be describe the trajectory plane with respect to the polar axis and let the zero (ref- 
erence) azimuth coincide with the positive X-axis. (See Figure 2.4.) Then the equation of the 


above plane is 


Xeos#,—-Ysing,=Ztand, , (2.3.30)* 


and 


Xcos By = Y gin By = Z tan 55 : ; (2.3.32) 


Solving these equations leads to 


2 iu im 
saan tale 5 So 5 nn ee NS a Nae (253332) 

where 
tan B —— (2.3.33) 


The quadrant of f is easily determined from the signs of X and Y. 6, can be obtained immediately 


from either equation (2.3.30) or(2.3.314), e.g., 


X cos By — Y sin B:, 


Ue pega. ORB xe ; (2.3.34) 


The parameters a and e can be found from 





ast, , e=f-L-vy/? (2.3.35) 
2-v 
where 
a 
L?=(p x Sy). exe), 
= (KY — ¥x)* + (xZ— zx) + (¥Z-—zy)? , (2.3.36) 
and 


22 AB) (8), 2(p — 1) 
WiStea Vv v)t+ r) 
ep rs ae ee 
eye capil & 2(Vx* + ¥ +Z -1) 
=X 4 ¥°4 2° + ——____—_-_. (2.3.37) 
Nx? +y¥7%427 


The parameter 9, can be found as in Part I, Chapter IX. 


sin(@ —@.) = & ’ (2.3.38) 


*This is derivable from the equation for the plane given in Part |, Chapter V. The modifications necessary for 
polar orbits (6 = 0) are described in Part 1, Section 9.5.2. 
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2 


cos(o- 0.) = 4 i a | ; (2.3.39) 
where 
: a : (2.3.40) 
and 
re) ston"! sind, tan (8 — B,)f . S<ocs . (2.3.41) 


The sign of B can be obtained by differentiating equation (2.3.33). The value of te. follows directly 
from the above and Kepier's equation. 


2.4 APPROXIMATE CORRECTIONS OF MEASUREMENTS 


Instead of altering the forms of the measurement functions to correspond to measurements 
made on a rotating earth, it is also possible to change (correct) the measurements themselves 
so that they approximately correspond to measurements that would have been made from a sta- 
tionary earth. Then, the relatively simple functions derived in Part I can be used directly in the 
prediction methods. By changing the measurements in this way, though, the possibility of ob- 
taining exact ML estimates of the parameters is precluded. However, for measurements taken 
over a short, total interval of time the estimates made with the use of the corrected measure- 
ments should resemble closely those made with the use of the actual measurements. 

The relations between the position measurements, ri, to A and B;' made on a rotating earth at 
time t;> and the eis catty ones, lee, alte and (S)gs made from a stationary earth can 
be food exactly. *T Such is not the case for the doppler measurements since, in general, a com- 
ponent of a vector in one direction can not be expressed solely in terms of a component along a 
different direction. To correct the doppler measurements, therefore, an expansion in powers of 
the angular velocity of the earth will be used in which the first term will depend only on measured 
quantities. The higher terms will, in addition, depend on the trajectory parameters. Hence, if 
an iterative estimation method is used, the nth parameter estimates can be used in the expression 
for the corrected doppler measurements in order to calculate the nt+4ist estimates. 

To find expressions for the corrected measurements it is convenient to consider a site on 
a stationary earth which coincides with the actual radar site at the time of the first measurement, 


t, = his (See Figure 2.5.) From this it follows that 


(s) sin 6; sin (p; + v;) 


sin(v, — B;') = " 
: n $5. 


i (2.4.4) 


*The term" exactly" means that in the absence of noise, the corrected measurements will be identical to those 
that would have been made from a stationary earth. 


tIn general, the superscripts, (s), will denote quantities which refer to a stationary earth. 


**To prevent notational complications only a single-site radar system is considered in this section. The general- 
ization of the results, which is applicable for an N-site system, is obvious. 
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TT! = Intersection of trajectory plane with 
earth's surface. (The arrowhead in- 
dicates missile direction of motion.) 


N = North Pole 


O°; = Location of radar site on stationary 
earth at time of first measurement, t) 


O. = Location of actual radar site with 
respect to stationary earth at time t 


P.. = Projection on earth's surface of missile 
position at time t; 


NO, ,NO; = 9 = Colatitude of radar site 
LNO Oo; = LNO;0, = *, 


] 
LO,NO; = ult, -t)= ut, 





op="s 
Tee ° 
= (s) 
OP, = oF 
(All arcs represent great circles) O,P, =6, 
1 
DP, = (0-1) 


Fig. 2.5. View of the surface of a stationary earth. 


and 


sin6.' sin(.' + v.) 
(8)q. = vy, —sin™ [ercemansl ; (2.4.2)" 


(8), 
sin 5; 


where the quadrant of () a is determined from the sign of equation (2.4.1) and that of 


(s) 
het ' 
a... cos 5; cos 6; COs pL 
cos (v. — B;) tS) (2.4.3) 
sin’ ‘6.' sinyp, 
1 at 
The values of Bye Yi; and (ely are easily found from 
2 ee 
cosy, =cos ¢+sin @coswt, » OSHS 1/2 (2.4.4) 
{14 —cos B;] 
cosy; = ctn ¢ ~~, : 0< vis n/2 (2.4.5) 





*Note that for sins: = 0, i.e., ,. =1/2, py is undetermined and irrelevant. 
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3 (s) 


es ' i ; 1 1 
6;' = cos H; COs 6; + sing, sind; cos (8; E v;) 3 (2.4.6) 


(s) 


The value of 6; is given by equation (2.2.8). The expressions for a, and s), can be obtained 


by inspection from Figure 2.2. 


(S)q1 = sin”! pee pics (2.4.7) 
and 

(9), = {4 + (p/)? — 2p! cos (8g oy 1/2 (2.4.8) 
where 

p= [1 + (r,)° + 2r/ sina! j/2 (2.4.9) 


For measurements made over a total time interval of 10 minutes, the largest value of wt, 


is less than .045. Hence, the first few terms of the expansions of wins, (8142, and she in 
powers of w should be sufficient for most practical purposes.” The actual expansions are easily 


found to be 





(§)g1 x pt — wt, [cos @ — sing cos Bi ctnd,'] (2.4.40)! 
| + sina,’ 
Nees PBN ie Pott daa 
a a! - wt, sing sin B; ry (2.4.44) 
aes (s) eS 
r Sr, + wt, sing sin 8,’ cos a; 
bt sin? B; cos” a; -1 
— (at,)" sin” ¢ { my - sina,! + ctn¢ cosa! cos ai} ; (2.4.42) " 
¥ 
In deriving the above, the following expansions are useful: 
= i 3 zo cos 
Bj = wt sing+O(w)  , ashy as wt; 3 3 (2.4.43) 
and 
(Ss), , ~ : ; 1 of ' 
s 6; = cos 6; — ot; sing sind; sin 8B; 
tease ; 
+ (wt) sin” @ [—cos 6 + sind! ctn ¢ cos Bi wee: (2.4.14) 


*Note that (ut, 2 =(, 045)" corresponds to a distance of less than 7 n.m. 
tif 5" 20, itis (2.4.2) should be used to determine pr : 


**Since range is usually measured most accurately, the third term in its expansion is included. 
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To obtain an expansion for a I note that 
(s) 
8 cos 6. 
(6)2 > 252-4 A YS (s) hi i 
SOE Seas ea a alld ath ak ae ; (2.4.15) 
i 
and 
B 4) _ facosé. 
r= r, P; (ep; — cos 6;) — p,8, “ae, Whee wsingsing, cosa, , (2.4.16) 
where 
(s) 
dcos 6 s . 
a: aa = eam 6, sin 0; i (2.4.17) 


In view of equation (2.4.14) it is clear that to first order in w 





8cos wre, acos 6, a we, 3 vgs 
38, = 30, — wt; sin ¢4cos 6; sin B; 00, e sind; cos B; 80, a 
(2.4.418)" 
where 0 (96/20, is found from 
(s) (s) (s) ; 
a8; ae te 8 cos ©'6; se cos “6, sin®, Sed glthy sin ('5)g ~ (Ss), ) 
pa a al sin ®)5, ° : e 
(2.4.49) 


The other partial derivative, 2 'S)p /2e,, is just the matrix element Zy2 given in Table 3.1 of 
Part Il. Therefore, by using equation (2.4.16), the corrected doppler measurement, hes, can 
be written to first order in w as: 

wt, sino 


(Ss), a ; : ji} i E ‘ | ‘ 
' =fr.' + w sing sin£B.' cosa.' + —f.' sin B.' cosa,' + p. sin6d.' sin B.' 
i i ¢ B; or i B; ney i B; 


Toe 

1 
sin 6.' cos B:' sin '5)5 

+ p'0.y cos 6)! sin B} cos ely sin (g.' — (8), )+ RRP, SY ee Foes 
ae s - 2 14—(cos 6,) cos 9, 


(2.4.20)* 


The quantities without primes on the right-hand side of this equation can be determined from 
(preliminary) parameter estimates. Either the measured values or values derived from the 
parameter estimates can be used in the evaluation of the primed quantities located inside the 


curly brace. 


*The addition or omission of the (s) superscripts to quantities whose contribution is proportional to w does not 
affect the validity of the first order expressions. Also note that equation (2.4.20) is inapplicable if §, = 0 and 
. = 1. 

i 
TA better approximation can be obtained by referring the (corrected) measurements to a radar site on a stationary 
earth which coincides with the actual site at the mean time of observation. 
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2.5 PREDICTION OF MISSILE POSITION 


In the preceding sections methods of eliminating systematic errors in parameter estimates 
due to the earth's rotation are outlined. It is also necessary to discuss the elimination of such 
systematic errors in the actual predictions. As an example, the prediction of missile position 
as a function of time with respect to the rotating earth is discussed in this section. This pre- 
diction consists of the missile altitude, hott), its colatitude, 9, (t), and its longitude, m,{t). To 
determine these quantities it is desirable to first obtain the polar coordinate angle, O(t), of the 
missile at the time of interest. By solving Kepler's equation via the procedure outlined in Ap- 
pendix A, this value of © is easily found. The altitude of the missile can then be calculated 


trivially. 


a(i — *) 


ht) = p(t) -—1 = T¥e cos(o) —9,)! : (225%40) 


The colatitude is found from the trigonometric relation implied by Figure 2.1. Thus, 
@,(t) = 6(t) = cos” [—cos 6, cosOlt)] , O< oS . (2.5.2) 


The longitude of the missile with respect to an earth fixed at the time of the first measurement, 
ng {t), is given by 


io ; 4 


Tv mK 
sind) B ()<8,+5 . (2.5.3) 


- z < tan™ 


P = = -1 
njtt) = plt) = 8, + tan” ( A 


Now, the earth rotates through an angle wt in the time between the first measurement and the 


time of prediction. Therefore, the actual predicted longitude, n,(t), is given by 


1p (t) = i) + wt (2.5.4) 


since the earth rotates from "west" to "east." 


*Note that if >,(t) =0, i.e., if the predicted position is directly over the North Pole, then Nplt) is undetermined 
and irrelevant.’ For §, =0, 6 #1, see footnote to equation (3.2.7). 
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CHAPTER II 
ELIMINATION OF GEOMETRIC ERRORS DUE TO NEGLECT OF EARTH OBLATENESS 


3.4. INTRODUCTION 


Systematic errors are contained in the previously described prediction analyses due to the 
use of a spherical model to represent the earth's surface. In actuality, the earth's surface re- 
sembles more closely that of an oblate spheroid. Therefore, by assuming that measurements 
are made from the surface of a sphere, systematic errors in parameter estimates result.” 
Similarly, additional systematic errors in prediction are caused by making position predictions 
with respect to the spherical earth. The succeeding two sections are devoted to detailed descrip- 


tions of the elimination of these errors. 


3.2 ELIMINATION OF SYSTEMATIC ERRORS IN PARAMETER ESTIMATES 


To eliminate the systematic errors in parameter estimates, it is necessary to establish 
the manner in which directions are defined at the radar site. The usual practice, which will be 
adopted here, is to assume that the vertical direction at the radar site is determined by that of 
a plumb line. Before describing the implications of such a definition, a brief discussion of the 
relevant terminology will be presented. To begin with, at a given site the angle the plumb line 
makes with the earth's polar axis is called the astronomical colatitude of that site. On the other 
hand, the geodetic, or geographic, latitude is determined with respect to the International El- 
lipsoid of revolution! In particular, the geodetic colatitude is the angle between the earth's axis 
and a line perpendicular to the tangent to the point on the International Ellipsoid which corresponds 
to the site. Except in rare instances, e.g., in very mountainous regions, the astronomical and 
geodetic latitude differ by no more than a few seconds of arc. Even in highly mountainous regions, 
the difference is less than approximately 10 seconds of arc. For present purposes this discrep- 
ancy can be ignored: geodetic and astronomical latitude will be considered identical. Therefore, 
the elevation angle measured by the radar is essentially the inclination of the radar line-of-sight 
to the tangent plane of the International Ellipsoid at the site. The formulae of the prediction 
methods of Part I, however, assume that the elevation angle is measured with respect to the 
plane perpendicular to the earth's radius vector at that point” * The formulae also assume that 
the azimuth angle is measured in this plane, whereas this measurement is actually made in the 
tangent plane of the International Ellipsoid. In other words, the measurements are really made 
with respect to one (primed) coordinate system while the formulae assume that the measurements 
are made with respect to a different (unprimed) coordinate system. These two coordinate systems 
are shown in Figure 3.1. (For the moment, the possible use of an incorrect earth radius for the 
radar site will be ignored.) The spherical coordinates for the unprimed coordinate system are 


*The systematic error incurred because of incorrect bore-sighting of the radar will not be discussed here. 


TFor a discussion of this International Ellipsoid and related topics, see Encyclopedia Britannica, Vol.X, 1951, 
article on Geodesy, p.127 ff. 


**Note that the angle the radius vector through the site makes with the polar axis defines the geocentric colat- 
itude of the site. 








N = North Pole 
C = Center of earth 
S.E. = Surface of earth 
1.E. = Surface of International Ellipsoid 
O! = Origin of coordinate systems 
O = Radar site 


x',y',z! = Cartesian coordinate system with 
z'-axis perpendicular to tangent 
plane of International Ellipsoid at O'. 


x,y,Z = Cartesian coordinate system with 
z-axis along line CO! 


(Both the y and y' axes are perpendicular to 
and directed into the plane of the paper.) 





c 


Fig. 3.1. View of a section of the earth. 


N,C,O! = (See Figure 3. 1) 


v,W = Cartesian coordinates in plane of 
section. The v-axis coincides with 
the polar axis and the w-axis with an 
equatorial axis. 





Fig. 3.2. View of a section of the International Ellipsoid. 
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easily determined in terms of those for the primed coordinate system. Thus, measurements, 
which are made with respect to the primed system, can be transformed to approximate meas- 
urements that would have been made in the unprimed system. If these (transformed) measure- 
ments are then used in the formulae in place of the measurements, the systematic errors will 
be eliminated. P 

To effect the transformation discussed above, the inclination of the x-y plane to the x'-y' 
plane must be determined. This inclination is the difference between the geodetic and the geo- 
centric colatitudes and is a function of the colatitude and the characteristics of the International 
Ellipsoid. In particular, the equation for the surface of a section of the International Ellipsoid, 


determined by a plane through the polar axis and the radar site, is given by 


2 
Vv 


2 
wi’ + —~_, 
(a — en)? 


= (3.2.4) 


in which the equatorial radius of the International Ellipsoid is taken as the unit of length. é' has 


the value 

ge 553 (3.2.2) 
and, hence 

ESE(Z—E)N 67X10 (3.2.3) 


v is the coordinate measured along the polar axis and w the coordinate measured along an 
equatorial axis of a point on the surface of the International Ellipsoid. (See Figure 3.2.) The 


inclination, A@, can be determined easily from the equation of this surface. From 
dv w T 
tang'=|Grl=(4-alol . O<e'sz , (3.2.4) 
tang@=|Z] , O<o<d , (3.2.5) 


it follows that 


tan(@ —$') = tandg = ESO COSS (3.2.6) 
4-—€ sin @¢ 
and 
Agee sin2e . (3.2.7) 


The maximum value of Ag is approximately .2 degrees. Therefore, this systematic error can be 
of practical importance. 
By using this result, the cartesian coordinates of the unprimed (formulae) coordinate sys- 


tem can be written immediately in terms of those of the primed (measurement) coordinate system. 


x =x' cosA@g + z' sinA@g = r'[cosa' cos s' cosA®@ + sina' sinNdg] (3.2.8) 


2 











(32:9) 


y =y' =—r'cos a' sin f' 


z =z! cosA¢d —x!' sinAg =r'[sina' cosA4¢ — cos a'cosg! sinAg] . (3.2.40) 


From these relations the (corrected) values of the measurements can be obtained. In particular, 


(c) Z sin a' cosA¢@ — cos a' cos f' sindg 
ee ean ad ee z EE Fe 
FeO {cos” a'+ > sin(2A¢) sin2a' cosf'+sin"A¢(sin” a!—cos a' cos’ B')} e 





For tana' << 1/A@¢, this formula simplifies to 


(C) gs = a'—A®g cosf' 4 (33,2542) 
and for tana' >> 1/A¢, the following relation applies 
(Vary at Ag (3.2.43) 
Similarly, 
oS PORE ees eae.) eam ee 
tan “'B' =—X = Goss cosAd ttana’sinAg ~ (3.2.44) 


The quadrant of (C) py can be determined uniquely from the signs of x andy. With a! far 


enough removed from a/2, it can be shown that 


(C) gr & gi — (Ag) sin! tana’ (3.2.45) 


With (c) gs (a', B') and (C) 1 (a', B') used as measurements in the estimation methods of 
Part I, the systematic errors due essentially to the difference between geodetic and geocentric 
colatitudes will be eliminated! The measurement errors in the derived (corrected) measure- 
ments, (c) gt and (c) g', will now no longer be independent even though the measurement errors 
in a' and f' are independent. However, for all practical purposes the correlation neglected in 
the ML method by using (gs and (C) 5s in place of a' and f', respectively, is negligible. (The 
neglect of this correlation can, of course, be avoided by re-expressing the measurement 


functions to correspond to the actual shape of the earth.) 
It is also evident from Figure 3.1 that the radius of the International Ellipsoid is a function 


of the colatitude . Thus, from equation (3.2.1) it is easily shown that 


Rio, &) = a ee (3.2.16) 
4-—é sin 
w (1-£ + sino] = 1-fcos*o (3.2.47) 


ee a eee 
*Primeson quantities, in general, denote measurement values. (See Part |.) The presuperscripts denote (corrected) 
values of these measurements, and the postsuperscripts, used in the following section, denote (corrected) values of 
the predictions. 

tNote that in all previous formulae colatitude should be interpreted as geocentric colatitude for actual calcula- 
tions. 
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The actual distance from the center of the earth to the radar site is determined from R(¢,é) by 
adding to it the height of the radar site above the International Ellipsoid. This height is given, to 
within about 50 meters, by the height of the site above mean sea level, and is denoted by h. 4B 
will be a function of latitude and longitude. The actual center-of-earth radar-site distance is 
then to be used in the estimation methods as the definition of the radius of the earth. Note, 
however, that in an N-site radar system one value of the radius of the earth will, in general, 
not suffice for all sites. The difference of the radii of the various sites from some standard or 
mean radius must be taken into account explicitly in the formulae. In this connection it might 


be pointed out that the largest difference between R's is given approximately by 


R(Z,£) —R(O,£) © 3.4X 4079 © 44.5n.m. (3.2.48) 
and with R(z/4,é) chosen as a standard, the maximum variation would be half this amount. 

In closing, note that the systematic errors in parameter estimates, discussed in this sec- 
tion, can lead to prediction errors of non-negligible size. For example, if the minimum data 
snares method described in Part I, Chapter VII, is used for the radar configuration of Fig- 
ure 5, 8," in Part II, then, apart from the effects of noise, the impact point prediction will be in 
error by approximately 30 n.m. 


3.3 ELIMINATION OF SYSTEMATIC ERRORS IN PREDICTION 


In addition to the above there are two other systematic errors of geometric origin 
present in the prediction analyses of Part I. -One results from the height of the missile above 
the earth being given with respect to a sphere. The other error is contained in the impact point 
calculation and is due to the impact point being calculated with respect to a sphere rather than 
with respect to the true surface of the earth. 

To eliminate the first of these errors it is necessary to determine the difference between 


the earth's radius at the predicted position and the earth's radius at the radar site. Thus 
ees Ee eS ee (3.3.4) 
P P p 
and 


nso) = Rd) - Rb) +h, (3.3.2) 


where n{¢ ec); is the (corrected) height above mean sea level of the missile position. R(@) and Rio, } 
are the radii of the International Ellipsoid at the radar site and at the missile position, respaall 
tively. h, is the height given by the prediction formulae. [See equation (2.5.4).] As indicated in 


equation (3.2.18) the difference between oe and hy will usually be under 10n.m. In regard to 
the angular part of this prediction of position, note that the longitude will be the same for the 


sphere and for the true earth while the geodetic latitude can be found from the geocentric (which 


*The higher beam in this example has an elevation angle of 20 degrees. The error in the earth's radius is taken 
as 5n.m. 








is determined in the prediction formulae) by using equation (3.2.7). In the northern hemisphere, 


the geocentric colatitude is the larger of the two. 


C = Center of earth 


— — — = Section of surface of sphere with radius equal 
to equatorial radius of International Ellipsoid 


—:—-— = Section of surface of International Ellipsoid 
wi—~~ = Section of surface of actual earth 

L = Launch point of missile 

| = Impact point of missile on sphere 


i() = 


Impact point of missile on surface of earth 
d= 1) sina 


a, = Elevation angle of tangent to trajectory at | 


x, ¥,Z = Cartesian coordinate system with origin at 
|. (The z-axis is directed along radius vector 
of sphere and the y-axis points into plane of 


paper.) 





Fig. 3.3. View of the plane of the trajectory. 


The complete elimination of the systematic error in impact point prediction is, in principle, 
not so simply made. However, for practical purposes, a linear correction should be sufficient. 
Such a corrected impact point can be calculated by extrapolating along the direction of the tangent 
to the trajectory from the uncorrected impact point, I, until an intersection with the sphere of 
the actual earth is made. This point will be the corrected impact point, 'C), To derive explicit 
formulae for the correction, consider Figure 3.3. In this figure, I represents the missile inter- 
section with the surface of the sphere whose radius is equal to the equatorial radius of the 
International Ellipsoid, and 1°) represents the missile intersection with the actual earth's 
surface. To the accuracy here being attempted, it may be assumed that the difference in 


) 


altitude between the point I and the point 1'¢ is given by 


z4—R(¢)—h(dpm) (3.3.3) 


where by and ny are the geocentric colatitude and longitude, respectively, of the point I. There- 


fore, the corrected time of impact, gs is determined from 


*The error introduced in this equation will essentially have the effect of an “error in the error." In fact, a rough 
calculation indicates that for reasonable trajectories it could at worst affect the third significant figure of the 
correction term. 
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(chits ede (c) 
ty eo Ted a as 3 ae 


(3.3.4) 
since it is assumed that the missile moves with fixed velocity from I to gil Zr is the z compo- 
nent of the missile velocity at impact and is related to the missile speed at impact, Ry S by 


the equation 


lz,| =v sina, , (3.3.5) 


where ay is the elevation angle of the trajectory tangent at I. (See Figure 3.3.) In terms of the 


ellipse parameters, a and e, it is easily shown that 
Me Sth 1 2.1/2 
[z,] ={2- 2 -alt —e%)} , (3.3.6) 


(See Part I, Chapter IX.) To obtain an estimate of the size of the correction indicated in equa- 
tion (3.3.4), note that for a 4500/4500 trajectory 





iC 
t{°) +, 2 3 sec (3.3.7) 


when the impact point is at sea level and at a latitude of 45°. 


The cartesian coordinates of the corrected impact point, {C), are obtained from 


x(1'°)) = & te) -t} =detna, , (3.3.8) 

WwW 
7 So, (3.3.9) ( 
eit") 2g, & (3.3.40)  F 


where reference is to the coordinate system of Figure 3.3. Note that for nearly circular orbits, 
a> 0 and the above formulae are inadequate. The formulae are only applicable for situations 
in which 1(C) and I are close together, i.e., for ay sufficiently greater than zero. The magnitude 
of the correction implied by equations (3.3.8) through (3.3.10) can be estimated by considering the 


example described in the preceding paragraph. For this case, the results are 


x(I)) —x(I) ® 40n.m. (3.3.14) 
yu) ya) sonm. , (3.3.12) 
2) 20) S$ -6n.m. (3.3.43) 


By using the formula given in Part I, Chapter IX for B{t), the azimuth angle of the missile 
velocity vector at impact, the corrected geocentric latitude and longitude of the impact point are 


easily calculated. Thus from Figure 3.4 it is seen that 


dejiey _ ; 
cos oy = cos oy cos (d ctn ay) + sin oy sin (d ctn ay) cos (2, (t,)) ; (3.3.14) | 
o{° go; —detna, cosh (ty), (3.3.45) 


and — 
tf 
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3- 312-3887 


TT' = Intersection of trajectory plane with surface 
jectory plane 
of sphere. (The arrowhead indicates the 
missile direction of motion.) 


N = North Pole 
| = Impact point on sphere 


By (ty) if) = Projection along the radius vector onto sphere 
of actual impact point of missile 
(c) ~ 
Ip sd ctn oy 





(All arcs represent great circles) 


Fig. 3.4. View of the surface of the sphere. 





: t.) 
Rev sin B,( I *. 
ny “Sn; —d ctn a, “sing, 3 (3.3.16) 
where 9,{°) and ny) represent the (corrected) geocentric latitude and longitude, respectively. 


(The transformation to geodetic latitude is effected trivially through use of equation (3.2.7).) 


For the trajectory discussed above and with B, (ty) =, the following result is obtained. 


Aas Oy pare @dégree . (355.40) 


*|t is assumed that longitude increases from "east" to "west! 
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CHAPTER IV 
ELIMINATION OF DYNAMIC ERRORS DUE TO NEGLECT OF EARTH OBLATENESS 


4.4 INTRODUCTION 


As has been mentioned earlier, the earth is not spherical in shape, but rather is a body 
flattened slightly at the poles. Hence, it is natural that calculations which assume a spherically 


homogeneous earth will contain systematic errors. As the ellipticity of the earth 





(equatorial radius — polar radius) 
equatorial radius 

is only about 1/300, it is usually acceptable in practice to use the spherically homogeneous earth 

model and then to make first order corrections for the systematic errors thus introduced. The 


: : D 
residual errors will then in general not exceed one part in 10°. 


The main concern of this chapter is the determination of the systematic dynamic error 
introduced in the calculation of the missile trajectory by assuming that the earth's gravitational 
field is an inverse square law field. Since it is difficult to determine the actual trajectory di- 
rectly, the separation between the actual trajectory and that determined by an osculating ellipse 
will be calculated. As is discussed in Chapter I, the osculating ellipse at a point is the trajectory 
that would be followed by a missile, with the same velocity at that point as the missile traversing 
the true trajectory, were the earth spherically homogeneous. For each point of the actual tra- 
jectory there is a different osculating ellipse. The prediction methods of Part I are essentially 
concerned with the estimation of such an ellipse. However, if, as is usual, the radar observa- 
tions are made at more than one time, then a systematic error is introduced by assuming that 
the observed points lie on an ellipse. Therefore, the predicted osculating ellipse (which is given 
for some point, usually corresponding to the mean time of observations) will differ from the 
actual osculating ellipse at the appropriate time not only because of the random errors in the 
measurements but also due to the systematic error described above. This latter error in the 
osculating ellipse will be negligible, provided that the total time of observation is sufficiently 
small” For situations in which the observations are taken over a total time interval too long to 
neglect the systematic error in the estimation of the osculating ellipse, then the basic prediction 
method must be altered to compensate for this. However, in the following discussion it will be 
assumed that, apart from random errors, the predicted ellipse is the osculating ellipse of the 
true trajectory for some time, +t, within the time interval of observation. With this as a starting 
point, a numerical method of calculating the vector separation between the actual and the ellip- 
tical trajectory at any time is exhibited. This calculation is accurate to within second order 


errors in the non-central part of the gravitational potential. 


4.2 EQUATIONS OF MOTION IN THE GRAVITATIONAL FIELD OF THE EARTH 


It is assumed that the earth is homogeneous and symmetric about its axis of rotation and has 


the form of an oblate spheroid. The gravitational potential may then be written as 





*It will be possible to make a quantitative statement regarding this effect once numerical results have been ob- 
tained. 








1 oo es 
Vee. 9) --< [: = s P, (cos ¢) + a Za P,, (Cos ol| : (4.2.4) 


where ae (u) is the mth Legendre polynomial and €, AW n=2->, are constants depending on 
the mass distribution of the earth. p is the distance from the center of the earth to the point of 


evaluation of V, and @ is the geocentric colatitude of that point in the northern hemisphere and 


n/2 plus the latitude in the southern hemisphere. 
By using different models for the earth, different values for these constants can be obtained. 


However, it seems reasonable to take for a first order approximation 


Vv --5 E ez. se P,, (cos 6)| oe se ee (4.2.2) 


To within first order accuracy in €, this potential is the same for many models and a very 


* : 
probable first order expression for the actual potential field. Expressing the potential in 


cartesian coordinates yields 
= ee C54 3z 
Ve= a [: + : ae! (1 oe eal 7 (4.2.3) 


where 
(4.2.4) 


The origin of this cartesian coordinate system is at the center of the earth and the z-axis is 
directed north along the polar axis. The x and y axes are chosen conveniently in the equatorial 
plane to complete a right-handed coordinate system. With the potential as given in equation (4.2.3), 


the equations of motion for the missile become 








a?x 2 oes ee ax (4.2.5) 
Bee ae iam Sosa as 1o 2 7 ee bas 

dt p p p 

a? ee ee eee 8 (4.2.6) 

dt2 y ee Zz Fi Z aT 

2 } 

dczi = owes Zz 36. °z + 45E z 3Ez (4.2.7) 
Ro See Ge Le DOE a OETEN onrs> : Fo 

dt = p p p p 





*See H. Jeffreys, The Earth (Cambridge University Press, 1952). 


tIf 8, = 0 or 1/2, Bo is undefined. In these cases G9 can be taken as the angle between the z-axis and the 
ellipse perigee line or between the x-axis and the ellipse perigee line, respectively. 
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1) = Osculating ellipse 
N = North Pole 
C = Center. of earth 


CD, = Line formed by intersection 
of trajectory plane and plane 
perpendicular to it which 
contains line CN 


y  LNCDp=6,, 0<6 < 10/2 


B_ = Angle between the x-axis and 
° projection of line CDp on the 
x-y plane. (, is measured 
clockwise when looking from the 
North Pole down onto the x-y plane.) 





Fig. 4.1. View of the osculating ellipse in space. 








4.3 THE OSCULATING ELLIPSE 


Suppose that a (predicted) osculating ellipse is given at time t. This ellipse is the trajectory 
which has the same vector position and velocity as the actual trajectory of the missile at time t 
and, furthermore, satisfies the differential equations (4.2.5) through (4.2.7) with € =0. For 
convenience, this ellipse is denoted by plo) and the actual trajectory by T. Similarly, the sym- 
bols (0) = (0) At}; 7”) = 7 (t), 29) =2ht) are used to represent the cartesian coordinates 
of a point on the trajectory plo) as functions of time. plo) itself is specified by a direction of 
motion (value of y) and the set of six parameters, a = (a,e, 04> t5> Bo» 4,)- These parameters 
have their usual interpretations (see Part I, Chapter V) except that now 5, represents the in- 
clination of the trajectory plane to the z-axis (polar axis) and By represents the azimuth of the 
intersection of the trajectory plane with a perpendicular plane that contains the polar axis. By 
is measured in the x-y plane. (See Figure 4.1 for a pictorial presentation of these definitions.) 

Without limiting the generality of the results, the succeeding calculations can be simplified 
by choosing the x-y axes so that B, = 37/2 and by considering only missiles moving in a sense 
such that near apogee the x-coordinate of the missile is increasing. (The axial symmetry of the 
potential of equation (4.2.3) insures that results from any allowable combination of parameters 
can be obtained trivially from the restricted set implied in this paragraph.) In this case, it can 
be seen that the coordinate functions for the osculating ellipse are 


ee ar ee (4.3.4) 
(0) _ —p'0) cos © sind, - (4.3.2) 
z(0) = —p'? cos © cos 5, . (4.3.3) 
where 
2 
(o)s a(4 —e”) 
P “ 4 +e cos (90 — 85) s (4.3.4) 


© is the angle coordinate in the trajectory plane and is defined in the usual manner. 6 is the 


value of © corresponding to t = t and it can be computed from Kepler's equation. 


4.4 EQUATIONS OF MOTION TO FIRST ORDER IN & 


As has been mentioned above, the gravitational potential of equation (4.2.3) may involve an 
error of order =. Therefore,in solving the equations of motion describing T, it is reasonable 
to determine the solution only to first order in €. To do this, the solution to equations (4.2.5) 


through (4.2.7) will be formally expanded in a power series in €. 


) n n 
x(t) = ES xy Sly = 2) | (4.4.4) 
n=o ue aoe E=o 
=. n n 
yity= = yey S ; yd - Pyle b) | (4.4.2) 
n=o : a€ &=0 
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co n 
atty= 2B aly E , play) - Oatt. 6) 


ms (4.4.3) 
n=o aé E=o0 


where, of course, 7? (t), y!) (t), and z (0) (t) are given in equations (4.3.1) through (4.3.3) since 
T(x(t), y(t), z(t)) and plo) (x0) (t), y(°) (t), 260) (t)) agree in position and velocity at t =t. Then by 
finding ttl (t);, Po (t), and g(t) (t) the equations of motion for T will be solved to first order in 
€. The equations satisfied by gt? Af) (1) 
through (4.2.7) and setting € =0. This yields 


» and z are found by differentiating equations (4.2.5) 





ax) : ie a . 3x0) (x!) ft) A yO) (4) : z (0) 2(4)) z 3x00) is 45 [z'0))2 (0) 
at aT et See 
(4.4.4) 
2 (4) (1) (0) (o) (o),2_ (0) 
d = 3 (0) (4) (0) (4) (o) (4) 3 45 
er ee one ee Eg ee 
dt [p--"] [Pp] 2[p*] [pr 
(4.4.5) 
alg his ass peal tei ery 700 ee ae 
i od a a a aT aes 
(4.4.6) 
Since x(0) (Gay oem x(t), x!) (t) = x(t), ete., it is clear that at t =t 
x{4) = y{4) sg.) sae? a9) =e) -0 , (4.4.7) 


where a subscript o denotes evaluation at tf. 
Thus, to find the vector separation of actual and osculating trajectory to first order in € 
at time t it is necessary to solve equations (4.4.4) through (4.4.7) and to determine & xt), 
é yt) (26 z(t) (t). (There is no obviously simple way of estimating the error made by ignoring 


the higher order terms in €, but this error is probably less than € ch It can easily be shown to b 
less than €.) 


4.5 NUMERICAL SOLUTION TO FIRST ORDER EQUATIONS OF MOTION 


A program is now being written for the Whirlwind I digital computer which, among other 
things, will provide numerical solutions to the above differential equations. The method upon 
which this program is based is more easily described by rewriting the second order differential 
equations (4.4.4) through (4.4.6), in a more convenient form. In particular, by using equations 
(4.4.4) through (4.4.3) and by defining ult) = x(t) (4) = yt) and wt) = 2 (1) the following six first 
order differential equations can be obtained. 


(4) 

ox aa ' (4.5.4) 
(4) 

dy eth) 

Sa =v P (4.5.2) 
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(4.5.3) 


























(4) (4) 
du x 3x (4) (4) ay: Gane 15 OZoX 
a + pxx"? 4 vy"? 4 zz] -S ne , (4.5.4) 
= [pO — jp! 2 py & pelt 
(4) (4) 2 
dv 3Y (4) (4) a eee eet Age 
- as + [Xx!"! + Vy'"! + Zz)" -> +> ba tas) 
ia Cas cata hed age 8 gene 
(4) (4) 3 
dw z 3Z (4) (4) Pie ce WA thy? 
Wel pxx!t) + vy!) 4 z2"4)) 2S +P EG, (4.5.6) 
(p> — ply? m griye © *) agile 
where 
Mo he cites “as town Mba 2 eps Tt 
and 
S— Gino), (4.5.8) 
=-sind,cos® , (4.5.9) 
Z =—cos 6 cos © £ (4.5.10) 


Equations (4.5.1) through (4.5.7) are equivalent to equations (4.4.4) through (4.4.7) and they can be 
solved by Milne's method.” In this method, the region of integration, {> +t, is divided into N in- 
tervals where N is chosen large enough to obtain sufficient accuracy. These N intervals of the 


time axis will be bounded by the points t et ty, Kae where 


rege 
ae aes cee ee eae ke ee. eee (4.5.44) 


Since initially Milne's method requires values of the dependent variables at 4 points, an inde- 


pendent method must be used to obtain these values. An example of such a method will be des- 


A ‘ - 4 
cribed presently. For the moment, suppose appropriate starting values ‘oe nto ws y 


i = 0-3, have been determined. Then, by setting n = 3, and substituting in the following equa- 


8 eae) wt) where n+4 = 4, is obtained. 


tions a first (preliminary) approximation for Xue nee? Mate 


(4) pr 


FG) 9 2B 
Buyer * MsaFS 


me (ax (ta!) + 2g OS a (4.5.42) 


=n-2 


The vector equation (4.5.42) denotes six scalar equations since, by definition, 





*After considering all aspects of the problem, it was decided that Milne's method is an appropriate one to use. 
See F.B. Hildebrand, Introduction to Numerical Analysis (McGraw-Hill, 1956), Chapter 6, for a discussion of 
Milne's method and other pertinent information. 
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x 1) 


n+4 
(14) pr 
Yn+4 
4}. pr 
“ie Pr = (4.5.43) 
(14) pr 
Wn+4 
o i=n-—2, n—1,n,and a are similarly defined. To determine the necessary values 
of a), i=n-—2, n—1,n, equations (4.5.1) through (4.5.10) are used, where the values 8; = O(t;) 


are found from the solution to Kepler's equation. These first approximations given by (4.5.12) 
are then used to begin an iterative procedure to solve the functional difference equations 


ARES eee ate eee ey (4.5.44) 


i.e., the results from equation (4.5.12) are usedin equations (4.5.1) through (4.5.40) to obtain an 
ba Hence, an approximate value to the right-hand side of equation 
(4.5.14) is obtained. A new, refined value for £15) 


approximate value for x 
is now given by the left-hand side. This 
may be used to find a refined right-hand side whence the iteration can be continued. It is easily 
shown that this procedure converges if a small enough value of h is used.” The iteration can 
be stopped when sufficient accuracy is achieved. The whole process is then repeated, with ob- 
» multiplied 


between the 


vious modifications, until xa" has been found. The first three components of nae 


by &, represent the (approximate) components of the vector separation, at time ty 
missile and the corresponding point on the osculating ellipse. 


As an illustration of a method for determining starting values for the above, let 


nt=-2 , (4.5.45) 
and 

et tu oO eee (4.5.16)! 

n fe} 


Then, solve the following eighteen scalar functional equations for the eighteen variables on the 
left-hand sides of the equations. 


+ 


*See Appendix B, Section B. 4. 


tThe interval a — t, is subdivided in this way to obtain the greater precision requiredin starting. Clearly, more 
accuracy will be obtained for the dependent variables if lit is set equal to h/k where k > 3. However, for pres- 
ent purposes the division assumed in equation (4.5. 15) provides sufficient accuracy. 


**The components of the column vectors are defined as in equation (4. 5. 13). 
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ts 
walt Be (gl 4 agit “ays (4.5.48) 


+ . 
‘ a 3 (x(”) + es + 3x{th iH x{(*)*) , (4.5.49) 


The actual solution can be obtained by iteration using appropriate initial approximations to the 
2 = + 
unknown fimbere! Since values of the dependent variables are now determined at Pit hes 


Milne's method may be used (substituting n* for h, etc.) to find values at U. p= 4-9. Then 


oY a , k=0+3 (4.5.20) 


will be appropriate starting values. 
The error entailed in this numerical integration is discussed in Appendix B. There it is 
shown that a crude, upper bound on the magnitude of this error in calculating position separa- 


tion between corresponding points on T and lo) is only 15 feet for t —t © 30 min. 


4.6 CALCULATION OF THE VECTOR SEPARATION AT IMPACT 


In the preceding section, a method for obtaining the first order vector separation between 
T and 0) as a function of time is described. This section will be concerned with the calculation 
of the vector separation at impact. To determine this separation, it is helpful to first find the 
time of intersection with the actual earth of the osculating ellipse. This time, e, can be found 
from the formulae of Chapter III, and the method outlined in Section 4.5 can be used to find the 
corresponding position of the missile traversing the actual trajectory. By using a perturbation 
method, the actual time of impact, ie, can then be computed and used to determine the actual 
impact coordinates. 

To carry out the procedure just described, note that the function, p(t), of the true 


trajectory, T, can be expanded in powers of €. 
20 n 
ets = May S , (4.6.4) 
n=o : 


where p!) (t) is the corresponding function for plo), and 


kor ve) (0) 7,5(4) (0) jy, (4) 
po) (ty = dott 6) ron eee (t)x (t) + y (og, (t) +z (t)z (t) . (4.6.2) 
p 


etc. Moreover, the pm n=0,4,..., can also be expanded in a power series int. In particular, 


if the expansion is about the time t = +f, p(t) can be written as 








°o n © m_(n) m 
Seis Ie eS dp i) in * (4.6.3) 
n=o n+ m=o dt t=t, athe 
where 
At =t pale : (4.6.4) 


+See Appendix B, Section B. 4. 


**For At small enough, this double expansion will converge. 
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It seems reasonable to assume that the At of interest is sufficiently small so that all terms for 
which 


(n + m) >2 (4.6.5) 


can be ignored in order to calculate At. Under this assumption, the time wd actual impact, t (a) 
is given by 


(a) 4c) 
tate at, (4.6.6) 


where At is determined from 


phe ly we pee fh w pl eleh + pl alharrelathe —, (4.6.7)" 
i.e., 
At put) z >0 (4.6.8) 
oa : 6. 
ploleted, 


The numerator of equation (4.6.8) can be determined from equation (4.6.2) and the denominator 
from the relation 


e sin(@ — 8.) 


val —e*) 


p) = (4.6.9) 


Since 





po = wale). (4.6.10) 





it follows that 


ote —e “at 


(a) » og (e) 


(4.6.44) 





With these formulae, the method of section 4.5 can be used to calculate the cartesian coordinates 
of the actual impact point. To first order in € and in At, the results are! 


x(t{?)) = x0) Se + exer) (4.6.42) 


*The difference between »°) (ty (c)) and elt, (a) ; is due to the oblateness of the earth's surface and is negligible for 
this calculation. 
tThe a ) yh) and ZV) could also be obtained from 

xq (0) x fl) ,) oh yl) (yas 

4 (0 4, yas 


z!¢ (0) ~~ (1) +) mn wild (yar 
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y(t})) oF ai ef) + &y") on , (4.6.43) 


iss eM ye ce ay! & (4.6.14) 


Therefore, the vector separation of plo) and T, at their respective intersections with the earth, 
has the components 


sx eat ox eeh (4.6.15) 
Ay = yit,™)) - y') cet : (4.6.16) 
ae aa ya elated | (4.6.47) 


This separation can also be expressed as a two-dimensional vector, AS, on the surface of the 
earth. It is safe to assume that this separation vector lies in a plane which contains the impact 
point and is also perpendicular tothe earth radius vector passing through that point. Then it is 
evident that 


Az & (03). sing (th), (4.6.18) 
and 


(ax)? + fay)” +02)" = (3) + (Sp (4.6.49) 


— 


where (AS). is the component of AS which points north. (AS) 5 is the other component of (aS) and 
is measured positively in an easterly direction. Hence, 


Az 


a (4.6.20) 
4 sin $(t{°) 
(A8)5 = #{(Ax)? + (ay)* = (Az)? etn? g(t {°))} 1/72 (4.6.24) 
To resolve the ambiguity in the sign of AS), the following formula can be used 
(AS) 5, = Ax sin a(r!°)) + Ay cos ait {°)) (4.6.22) 
where 
(0)/, (c) 
x (tp) 
a(t!) = 32 + tan“ ey etna eae (4.6.23) 
err) 
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3- 312-3889 


C = Focus of ellipse 
E = Center of major axis of ellipse 
P = Point on periphery of ellipse 
PB = Line through P and perpendicular to EC 


P! = Intersection of line PB with circumference 
of circle of radius, a, centered at E 


CP=p 
CE = ae 
EP'=a 


u = LGEP' = eccentric anomaly 


8 = LGCP = polar coordinate angle (true 
anomaly) of point on ellipse 


Fig. A-1. Pictorial definition of eccentric anomaly. 
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APPENDIX A 
ITERATIVE SOLUTIONS TO THE KEPLER EQUATION 


A.4. INTRODUCTION 


There are many methods known by which Kepler's equation can be solved for the eccentric 
anomaly.” The main advantage of the two methods discussed in this section is their suitability 
for use with digital computers. In particular, iterative procedures are used which require little 
storage capacity, and the number of iterations usually necessary for the accuracy here desired 
is not prohibitive. However, for eccentricities greater than approximately 0.5 the simpler method 
does require a large number of iterations. For these cases, the second, more complicated 
method, can be used to obtain quick convergence for all problems of practical interest. 

Since the solution to Kepler's equation gives the eccentric anomaly directly, rather than the 
polar coordinate angle, the expressions relating the polar coordinate angle with the corresponding 


eccentric anomaly are also presented. 


A.2 A SIMPLE ITERATIVE METHOD 


The main advantage of the first iterative method to be described is its simplicity. Only a 
very small number of registers are required to implement the procedure. Thus, with Kepler's 


equation written as 
u=Artesinu=@(u) ; Ar =(t =t jens ‘ (A.2.4) 
it is clear that the iterative procedure 


wt) Sai) ult) = (A.2.2) 


will require little storage capacity. (u is the eccentric anomaly and is defined pictorially in 
Figure A.1.) To show that these iterations actually converge note that 


f ou) = 4" (u) =e cosu<4 ; AO CAS Soon e Ore of (A.2.3) 


By using the mean value theorem it is then easily proved that the procedure described by equa- 
tion (A.2.2) does converge to the correct solution. Therefore, u can be approximated to any 
desired degree of accuracy by iterating a sufficient number of times. 

It is useful to have a quantitative bound on the accuracy obtainable after n iterations. Two 
such bounds will now be derived. The one which will be the more useful will depend on the par- 


ticular circumstances of the problem. To obtain the first bound note that 


ylntt) =Atte sina”) ; ul?) =10 (A.2.4} 


implies 





*For a description of some of these see, for example, F.R. Moulton, op.cit. 
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ger Sa) 5 cisin nl = xinn =") = 26 sin $ (u™ —u™*)) cos Su + lat) (A.2.5) 


sin 4 (a) - an") 4 
=e cos > (u 





(n) , y4)) ful?) 2 ym-th 


(A.2.6) 
Su” aylt=4), 
Since the maximum value of sinx/x is unity it follows that 
Jult*t) —ul)| <e Jul) - y-1)| ager? Ju!?) - ult)| = Are} (A.2.7) 
Now, u = ltt) can be written as a telescopic sum. This can be indicated symbolically by 
(n+4) +4 
ROP? Sie. Geers gi), (A.2.8) 
me=nt4 
Therefore, 
(n+4) a (m+41) | (m) 
Ju—u lex z ju™ <a | (A.2.9) 
m=nt4 
Using equation (A.2.7) then leads to 
20 Co) n 
Ju —ul™*4) < Ar ae a AL { oe gee em (A.2.10) 
me=nt4 m=1 m=1 
and 
(nt1)) Ar f_e e(1 —e”) 
ju-u li< e To ae eee Sr a (A... 244) 
en 
<Ar ui.) (A.2.12) 
This equation indicates that an accuracy &, 
fpatOOO erie: wiz (A.2.43) 
will be obtained if n satisfies 
Ate 
Tene (A.2.44) 
or 
log EE) er 
ere ; yc 


(n+4) 


A second bound on the accuracy of u can be obtained through use of the mean value the- 


orem. Thus, from 


att) . sq) (A.2.46) 
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it follows that 


tes ylntt) s; 


and, by the mean value theorem, that 


u— yt) =(u— ul™)g (u™ + e(n) {fu- u™))) 


Continuing in this way leads to 


u- yes) =(u-— ul?) Tl at (a) St o™) ry - yw); 
m=t 


where 
ee 
But 
|S'(u)| <e 
and 
Therefore, 


Ju = yy < ue” 
and an accuracy é, 
fu —ul*4)) <é 


will be obtained if n satisfies 


log (£4 
n> 
loge 





In order to use this second criterion, it is necessary to find an upper bound to u. 


todo. Clearly, 
u<Atrt+e 
and 
g 


log [xp re! 
loge 





n2 


To determine which of equations (A.2.15) and (A.2.27) requires the smallest number of iterations, 
compare equation (A.2.44) with (A.2.23) and (A.2.26). 





BETS At 
14-—e "HOPS 


2 


$(u) = 30") 


493 





(A.2.17) 


(A.2.18) 


(A.2.49) 


(A.2.20) 


(A.2.24) 


(A.2.22) 


(A.2.23) 


(A.2.24) 


(A.2.25) 


This is easy 


(A.2.26) 


(A.2.27) 


(A.2.28) 


and it follows that for 


7s ¥t UU,” Bees (A.2.29) 


equation (A.2.27) is a better criterion than equation (A.2.15) and vice versa for cases in which 


the inequality is reversed. (For ‘applications presently considered, equation (A.2.29) will always 
(n+4) 


apply.) Therefore, if it is desired that u satisfy 

fu — ut) ete (A.2.30) 
n can be chosen such that 

n >minimum (n,n) (A.2.34) 
where 

i-e 
10g SS log x rgl 

= ae ee sat 

(n, and n, are not necessarily integers.) Note that these bounds are pessimistic: The number 


of iterations actually required for any desired accuracy will be less than the number indicated 
above. 
As a numerical illustration of this formula, consider At = 7, ande = 0.5. For this case, 


the determination of u to an accuracy of 107* radians requires about 15 iterations. 


A.3 AN ALTERNATE ITERATIVE METHOD 


The number of iterations required in the method described in the preceding section becomes 
exceedingly large ase >1. Therefore, to facilitate the solution of Kepler's equation for these 
situations, another iterative method will be described. For this purpose, Kepler's equation is 
most conveniently written as 


u-—esinu—A7réFf(u)=0. . (A.3.1) 
Then f(u) = 0 implies that 


ibeo 3: Nekeo . (A.3.2) 
f" (u) 
Since 
f'(u)=4-—ecosu, (A.3.3) 


f'(u) can never vanish and equation (A.3.2) can be used as a basis for an iteration. From 
the definition 

f(u) 

f' (u) 


$,(u) su- (A.3.4) 


it follows that 
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" 
(= fee) (A.3.5) 
[f"(u)] 
2 (u—e sinu —Art)e sinu 
(4 —e cos u) j 
and, therefore, that the iterative method in which ut) is determined from 
yintt) _ e, ay 5. aM eay (A.3.6) 


will converge very rapidly in the region near u = 7 for large or small e. Only a very few iter- 
ations should be necessary to obtain almost any accuracy needed in practice. In view of equa- 
tion (A.3.5) it can also be seen that convergence will be more rapid than in the previous 
method throughout the second and third quadrants since cosu < 0 in these cases. However, in 
the first and fourth quadrants the procedure might not be useful. In fact, it may even fail to 
converge in some instances. 

To obtain faster convergence, in general a more accurate first estimate should be used. 


(1) 


For example, in second and third quadrant problems, u 


Let 
u-7wey , (A.3.7) 
then 
3 
(ar)—n=y—esinly +m) =yte{y- ++} ? (A.3.8) 
Siitejy . (A.3.9) 
Hence, ult) can be chosen as 
(Ay. At-—T 
u i, Bey gr ae (A.3.40) 


If still greater accuracy is desired, this procedure can obviously be extended, e.g., let 


ee Slee. (A.3.44) 


(ye peeeG, a 
Les ony Stet + ota Get 





Other iterative methods similar to the above, which are useful for particular angular and 


eccentricity regions, can easily be devised. 


A.4 RELATIONS BETWEEN THE POLAR COORDINATE ANGLE 
AND THE ECCENTRIC ANOMALY 


In Figure A.1 the definitions of the eccentric anomaly and the polar coordinate angle (true 
anomaly) of a point on an ellipse are shown pictorially. The usual forms given for the analytical 
relations are 

Ait “ sin 9 


sinu = ae FEN ee (A.4.1) 
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can be chosen in the following manner. 


NN OE OOO —errereee——El el 


and 


N41 Sat sinu 


sin® = Te coEn : (A.4.2) 


Other useful relations which follow from equations (A.4.1) and (A.4.2) are 


cosO +e 


cosu= T+ e cosO ok 
and 
_ _cosu—e 
cos © = Tie cola ks (A.4.4) 


If © is known, then the quadrant of u can be determined in the usual manner from the signs of 


sin © and (cos© +e). Similarly with u known, the quadrant of © follows from the signs of sinu 
and (cosu —e). 


From the above equations it can also be shown that 


tan (3) = J=* tan (&) (A.4.5) 


from which either u or © can be found once one of them is known. The correct choice of quadrant 


can be made by considering the sign of the appropriate tangent in equation (A.4.5) and the fact 
that 


OOS <> 0 <<a TS O28) <TR T (A.4.6) 
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APPENDIX B 
AN ERROR ANALYSIS OF MILNE'S METHOD 


B.1 INTRODUCTION 


In Part III, Chapter IV, Milne's method, with a separate starting procedure, is employed 
to find the vector separation in position and velocity between the true missile and one travers- 
ing an elliptical trajectory. This separation, however, is only found to first order in an ex- 
pansion in &. (€ is the coefficient of the non-central part of the potential which is assumed 
to represent that of the earth.) The error in this first order calculation of the separation, 
caused by using Milne's method with the separate starting procedure, is examined below. 
Only a crude, upper bound to the error is found, but this is itself so small (approximately 15 


feet in the position separation) that a more meticulous estimate is not warranted. 


B.2 ESTIMATE OF STARTING METHOD ERROR 


For the purposes of the error analysis it is convenient to introduce the following notation. 
Let @ and » be three-component column vectors where 


x(4) (t) ul?) (4 
5 y") (Hibitus Lak vit) (ty (B.2.4)7 


7/1) (t) wit) (t) 


In terms of these vectors the equations of motion are 


= y(t) : (B22) 
dy 

ar *AlHe(t) + Bit), (B.2.3) 
CP aig NE (B.2.4) 


A(t) is a 3 X 3 matrix and B is a three-component column vector. 
With os, EAP A, etc. denoting the quantities evaluated at oe. Pedy... ,.3k, h* =h/k); 
then the true values of the y's and y's satisfy 


+ 
h + +, Ft + 
+ 3q (99, +194, —5¥, +¥,)4 TT, , (3.235) 


*It is assumed that at one point in time the missile traversing the true trajectory has the same position and 
velocity as a missile traversing the (hypothetical) elliptical trajectory. 


knowledge of the terminology introduced in Part II], Chapter IV, is assumed throughout the following 
iscussion. 
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+ 
o) = +P (y, + 4uf + of)+ Ps P (B.2.6) 


3h* 


op 7 g ey he +30 +3 +¥,)+ Ty ? (B.2.73 
ere + + 
oF = %, + oq (945%, +49a o; —5asey +A, 0, 
+ 9B, + 198) -5By+B)+ TF . (B.2.8) 


(Similar equations obtain for ve and vy -) In the above me x, i=1->3, are the truncation 
error vectors due to the use of these particular numerical integration formulas. On the other 
hand, the calculated values of these variables, denoted by af, uv satisfy 


=gte Fy, +419u,"-sutewt)—Ri , (B.2.9) 
ae te sn) 8 CORR OR 
2h ty. oa oaks * © S4 B, -5B, 8, 72,8, 
+ + oh st 
+9B +198 -sBy+By—-Ri (B.2.40) 


(Again similar equations hold for at and we, i=37533) R, and S.. i=1->3, represent the 
round-off error vectors. By subtracting the set of equations satisfied by the calculated values 
from the corresponding ones Satisfied by the true values, the following can be obtained. 


+ 
+h + +, + + 
€,< 34 (490, + 515 +1, )+ E, : (B.2.445) 
ek Cee Vee B.2.42 
eOiy tg ae tii 
Tg Ua Ok ee + 
€3<~g (30, +30, +73,)+E, , (B.2.13) 
+_ htK + +. ke 
M4 Sq (19: €, +5€, + €,) +E, ; (B.2.14) 
ks aoe pa ee 
M2 <3 (4€, + €24 ED, (B.2.45) 
a. oa +. hat 
ns ey ee, +344 84) + E, i (B.2.16) 

where 

peti eee : 
eg SS, f+ 2S SS, (B.2.47) 


ra iilicd bigs (B.2.18) 





foie sie o taFs3 
Berlei , i173, 
i =} i 


and K is such that the absolute value of A(t) satisfies 





3 
|A(t)| = = max |a; jis a j= [AC]; (B.2.24) 
i=4 0 j 
In the above, the absolute value of each veetor is defined as the sum of the absolute values of its 
components. 
Now, if 
3 3 
a3 C8 es Beak (B.2.22) 
i=i i=1 
3 - 5. 5 
ess eb , Be 2 Se (B.2.23) 
isa + isd 
then the following, very bad estimates of the errors may be made 
mo eS + + 
ets +3 +g +E, (B.2.24) 
<(% 2434 3yn'*k et +BY, (B.2.25) 
Therefore, 
<EntiBotk t+etyeet , (B.2.26) 
and 
a +54 + 
= 4h E +E 
+ +, 78 +, +, at * 
€ < “4-7 : n<zqhKe +E : (B.2.27) 


1-(5,h) K 


These inequalities for = and nt clearly represent upper bounds on the errors in the magnitudes 
of vector position and velocity separation, respectively, incurred in the starting method. (No 
numerical results will be given until a final, over-all estimate of the error is made.) 


B.3 ESTIMATE OF ERROR IN MILNE'S METHOD 


Suppose now that values have been obtained for g, and ¥, i= 1-3, where the above nota- 
tion is used with obvious modifications. Then, by continuing with Milne's method, values of 
2. and ¥ can be obtained where on and ¥, are the corresponding true values. The analysis 


. er tae A ° * 
*It is assumed that h_ is sufficiently small so that the denominator does not vanish. See Section B.4, 
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in Hildebrand* can easily be adapted to find the propagated error in this case. It is only nec- 
essary to use the absolute values for vectors and matrices as defined above and to use the con- 
dition 

TAI Baa 


Then this K will take the place of K in Hildebrand and the analysis proceeds almost unaltered. 
(Note that the L in Hildebrand is zero in this situation.) From such an analysis the following 


inequalities result. 


peng =x” ', (B.3.2) 
meteetin , i 


where as and n,, are the magnitudes of the errors after n stages of numerical integration, The 


other quantities are defined by 


Bo =4t+NKh+O(n4) , (B.3.4) 
A = max [(E +E) wlE. + &)) (B.3.5) 
o* 2Kh’> MEG+ oA, ee 
pe—L+om) , (B.3.6) 
VK 
pit ae = 
hese » MeS , (B.3.7) 
Webs S58. \. Win (B.3.8) 


EL and En represent, for the solution and its derivative, respectively, round-off plus trunca- 
tion errors in the nth step of the integration process. E, and E, are greater than or equal to 
the accumulated error in g; and ve respectively, i= 2,3. Also, h must satisfy 


h2 


> 3 Kt) «2 (B.3.9) 


To estimate EQ and E,, the above procedure can be applied to the use of Milne's method in 
calculating the 6's and ¥,"'s. Thus, 


=+ 
Pe skee a 
E_=A‘(B") Si, (B.3.40) 
oO oO 2Kh* 
and 
fy + 
a ee +,3k=-2 E 
E, = 1 (B,) = zs ? (B.3.84) 
vy 2h 
where 
Bo =1+NK ht +0(n*)’) (B.3.42) 


*Hildebrand, op. cit., p.219. 
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at + 
E 
A‘ = max [(e* = 7) ; ut (x* + =)| (B.3.43) 
2Kh 2h 
pts —e +O(h*) , (B.3.44) 
NK 
ce ot ee eae Se (B.3.45) 


Here the accumulated errors in ; a, i= 2,3 are bounded by e and nt. The latter are 
bounded as shown in the previous section. 


B.4 CONVERGENCE OF ITERATION PROCEDURES 


Before numerical values appropriate to the present problem are computed, the convergence 
of the iteration procedures used will be considered. In particular, it may be shown by an anal- 
ysis similar to the above that, for the starting method iteration, 


5 3 
Bg er Sg) ea ay a gg (B.4.4) 
ne i 1 2 ; 3" i 
where af) = 1-3, represents the mth iterate in the process of calculating at described 


in Part Ill, Chapter IV. The factor 


Be ghee 
K(354 1) (B.4.2) 
is called the convergence factor and the iteration procedure will converge if it is <1.. A similar 
expression holds for the ws with the same convergence factor. (Obviously due to the rather 
gross analysis used this is not the best of all possible convergence factors.) 
For the Milne's method iteration, it is easily shown that this process has convergence 
factor 


hK 
a8 (B.4.3) 


for either the calculation of 2 or a* 


B.5 NUMERICAL INTERPRETATION OF ERROR ESTIMATE 


To interpret the above results numerically, K must first be determined. From Part III, 
Chapter IV, it can be seen that 


x? 4/3 XY XZ 
A(t) = as Yx yy? =4/3 YZ : (B.5.4) 
lpn] 
ZX ZY z* 4/3 





* See Hildebrand, op. cit., for similar cases. 
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and 





eet = a1 at ena xe (B.5.2) 
|xy|, |XZ| < max [cos6),sind ] (B.5.3) 
Therefore, since p!) 24, 
max la, ,(t) ca: (B.5.4) 
j 


Also, if it is supposed that 


; * 
|cos 64! 2 |sin 65! ; (B.5.5) 
then 
max la, (I< max [1, 3|sin 6,1 3 (B.5.6) 
j 
arg lag (tl < 3|cos 65! ; (B.5.7) 
and, finally 
; 6 
max = la, .(t)| <3+— . (B.5.8) 
es N2 


(Note that a similar situation will hold for |sin 5 > |lcos 6g!) Thus, K may be taken as 
Ka 7e4- (B.5.9) 


The errors in the starting method are now given by 


78 =+, ot 
os ae - 
Pig i v 2 Ni204 +E | (B.5.40) 


ee (8 h)* (7.24) 


where k is set equal to 3, as in Part II, Chapter IV. In order to evaluate equation (B.5.10) 
numerically, it is necessary to estimate the truncation and round-off errors. The former can 
be found by following Milne. 


eS 4,5. +5 
mt + 3 X19(h )" M mt + 3(h_)> M | jt + 3 X 3(h_)° M 
it, leis =55 ify 8 a ee a; Pies ik ts {h ; 


(B.5.44y 


*In all cases of practical interest this inequality will be satisfied. 


tMilne, W.E., Numerical Solution of Differential Equations (Wiley, New York, 1953), p.48. Notice that it 
is necessary to make some assumption about the behavior of the fifth and sixth derivatives of the coordinate 
functions, namely, that they are bounded by some fairly small number. In the present case, it is not practical 
to attempt to verify this. However, Milne's method itself provides a means of estimating bounds on these 
derivatives or, equivalently, on the truncation errors at each step in the numerical integration. These latter 
quantities can be actimanad bor the nth step as 


(1) (1) pr (1) () pr 


T (x) _ * n+l ntl] 1) a Watl ~ “ntl 
n n 





pray 5 (8.5.12) 
(See Hildebrand, op.cit., p.201). 
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where each quantity has been multiplied by three to account for the vector aspect. M is a con- 
stant which is chosen to bound all the fifth and sixth derivatives of components present in the 
error termg. 

In practice, it will be found that h* < 3x 1072 and hence, (h*)>~ 10°% Then, if M is not 


too large (<10) the truncation error will be small compared to an assumed round-off error of 


~3x 10°". In view of this, it may be supposed that Et, Et < re ade Thus 
78 
1 A 
cu (2) x40" en 40" (B.5.43) 
4—410h 
nt < (2S nh) (7.24) e+ 407° wv 107°, (B.5.44) 


These inequalities are numerical bounds, in the units defined in Section 1.8 of Part I, on the 
magnitudes of the errors incurred by use of the starting method. (See Section B.2.) 

To obtain estimates of the errors in Milne's method, the truncation and round-off errors 
concomitant with it must be determined. Bounds on the truncation errors are found easily from 
the appropriate equations in Hildebrand* Thus 


5 +5 
hM +) jat h M 
It, IT 1<3 x ASM iat IT <3 2 (B.5.45) 
Again, \r* is small compared with a round-off error of 3 X i077. and 
Et gt <3xa07 (B.5.46 
Hence, 
+ TR Le a | ee ee -6 
Ais — jee + 40 8 z (sh + 4)40 ; (B.5,47) 
N 7.24 2h 
+ 
A 1 -6 
Eee <r eta 
a hae + 4540 , (B.5.18) 
Mm : 
pt wi+ St pwitn . (B.5.419) 
If it is assumed that 
raat (B.5.20) 
then 
Peas. WI ak: (B.5.24) 


Therefore, upper bounds on E): E, are given by 


*Hildebrand, op.cit., p.201. 
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=+ 
+. 4,7 3E -6 * 
E, x A(6,) — 37.24)h * 5x40 3 (B.5.22) 
+ + 
ar ey aN tit 2) Stn ey Sa) * 
E, = (6) — ap & 10 : (B.5.23) 
B 
Finally, 
= 107° M 
Plesk ee, (B.5.24) 


which is large compared to the round-off error. E and E may therefore be chosen as 


BLE 2 e307 (B.5.25) 


unless h is so small that the round-off error predominates. From this it follows that 








ae -6 Mite 28 
E,+ ees 5x10 + (14.5) 30 = 10 ; (B.5.26) 
and 
= E 4 -5 Mh* -5 
HE, rr 2h) x = (10 aeuyae ) = 10 - (B52) 
Thus, it is sufficient to choose 
a5 
A® 10 : (B.5.28) 


To obtain an over-all numerical estimate of the error let 


= bs aa 

tare he wags ty —ty = 4 5 2.2 es eee CED : (B.5.29) 

Then, 
N-2 -4 

Ey Ss AB, —-AZ7xX10 (B.5.30) 

and 
A N-2 = 3 
MyS 7p Bg MB 2x 40 é (B.5.34) 


Since the vector separation in position between the missile and the corresponding point on the 
osculating ellipse at time t has components 


Ex, Ey ey, Ex (ry, (B.5.32) 


where & is the coefficient of the non-central part of the gravitational potential, it is clear that 


the error in the magnitude of this quantity is bounded by 


*These are both very crude estimates and can probably be improved considerably. However, as is evident from 
the above analysis, the controlling factor for the initial error calculation (with ht small) is the round-off error 
and, hence, E, and E, cannot be reduced beyond, say,10~° by decreasing h, the mesh size. 








3. 


4 7 


f09° X405" X2icx 10 7 K 400 Sa bifeet |. (B.5.33) 


(Note that this only represents the error in the vector separation due to the particular method of 
numerical integration employed and not the error incurred in the calculation by using only the 
first order terms in €.) Similarly, since the vector separation in velocity between the missile 


and the corresponding point on the osculating ellipse at time t has components 


eu) (y, evry, ewltl yy, (B.5.34) 
the magnitude of the error in this separation is bounded by 


6 


2X10" ® .05ft/sec (B.5.35) 
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